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Abstract

This paper develops a theory of the fertility choice that focus on the shadow
price of the quality of children and fertility rate within a framework of long
term economic growth. The analysis also links the shadow price of quality with
the interaction between fertility and economic growth. Through the choice of
per child quality within family, the analysis contributes to narrowing the many
remaining gaps between endogenous family decisions on fertility and aggregate
economic growth. (JEL Classification: J13, J24, O10, O49)

I. Introduction

Rapid economic growth in East Asia since 1970s has transformed coun-
tries such as South Korea and Taiwan from agricultural economies into
industrial ones. Their outstanding performance relative to other groups of
developing world has provided fruitful discussions that help revive the acad-
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emic interests in growth and development. In addition to the rapid changes
in aggregate economic structure, the structure and behavior of families in
these rapidly developing economies has also changed remarkably. Fertility
declines and demand for more and better education increased sharply along
with rising per capita income. In South Korea the total fertility rate, defined
as the total bir ths per woman during her entire re p roductive period,
declined from 4.3 in 1970 to 1.8 (a replacement level of population) in 1994,
while in Taiwan the rate declined from 4.0 to below 1.8 during the same
period. Since in the last four decades, population growth rates in Asia were
among the highest in the world, the prospect of population increase has
attracted considerable worry in the region.1 Many policymakers and other
g roups often predict disastrous results of the future population growth in
Asia, based on a simple relation between economic development and popu-
lation growth. That is, rapid increase in population will eventually slow down
economic growth. South Korea and Taiwan’s remarkable population transi-
tion provides a completely different picture about the population growth in
the course of economic development in Asia.

An old Chinese proverb says: More children and more grandchildre n
would bring more fortune to the family. Another old Chinese proverb goes:
Go to study is the most valuable one among tens of thousands choices.
These two traditional views of personal and family choices represent impor-
tant part of the conventional Chinese family values. However, these two
views have undergone completely different evolvement in almost a genera-
t i o n ’s time since the modern growth started. The former view is no long
existed in any serious way, while the latter one is reinforced by economic
g rowth. Although economic literature does not lack answers to this phe-
nomena, the private fertility choice and many aspects of family decisions are
treated as exogenous in most growth models. This paper uses the concept
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analysis narrows the many remaining gaps between private family decisions
and aggregate economic changes.

In the tradition of classical economics, Thomas Malthus [1766-1834]
believed that the population growth would eventually curb the economic
growth. He proposed a dynamic structure of economic development, where
population growth serves as the primary adjusting factor. The economy
eventually settles down at an equilibrium wage rate, the so called “subsis-
tence level”. In this Malthusian “endogenous” fertility model, the population
g rows if wage is higher than the subsistence level. Since land becomes
more scare as population grows, the diminishing return of the land sets in
and the wage tends to fall back to the subsistence level.

One of the stylized facts in modern economic development is the secular
decline in fertility rate as a country’s per capita income grows. Contrary to
M a l t h u s ’s proposition that the fer tility rate would increase as family’s
incomes rise, the fertility rate continues to decline in most industrial world
and other fast growing economies. After World War II, the Neoclassical
g rowth model developed by Solow [1956] and Swan [1956] incorporates
capital accumulation into the process of economic growth. Although they do
not share with Malthus’s pessimistic view on the relation between popula-
tion growth and living standard, their models still imply a negative implica-
tion from population growth. The neo-classical growth approach avoids the
c o n t roversy of population’s role in economic development by ignoring it.
Population is treated as an exogenous variable.

In the last few decades economists have been trying to incorporate again
the population and fertility choice into the analysis of economic gro w t h
〈Schultz [1973]; Michael [1973]; Razin and Ben-Zion [1975]; Eckstein and
Wolpin [1985]; Rosenzweig [1990]〉.2 Since the pioneering work of Becker
and Lewis [1973], demand for quality and its substitution for quantity has
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of new growth theory, human capital was treated as a crucial factor that con-
tributes to economic growth. Another unique feature in some of these mod-
els is that: like Malthus, the population growth is an endogenously deter-
mined variable, yet unlike Malthus, the equilibrium level of income is not a
miserable one. Only under certain conditions given in Becker, Murphy, and
Tamura [1993], could a country fall into the Malthusian trap equilibrium,
w h e re a very low per capita income could persist indefinitely. This multi-
equilibrium state explains why diff e rent regions could experience very
diversified path of growth in a very long period of time.

Becker and Barro [1988] developed an intergenerational transfer models
that links the decisions by diff e rent generations of the same family. They
also extends the model on fertility to analyze intergenerational transfers and
economic growth 〈Barro and Becker [1989]〉. The latter paper appears to be
the first model that combines aggregate growth with fertility choice based
on parental altruism. In their model countries with higher costs of raising
children have relatively lower steady-state growth rates of population. This
result is derived through an indirect effect of lower interest rates. However,
the cost of raising children has an element of investment that can not be dis-
tinguished directly from the concept of costs. The re t u rns of such invest-
ment must be considered when exploring the fertility choice and costs.

Since in the dynastic utility function, the utility of children is part of par-
ents’ utility function, on the one hand increase in the investment in human
capital of children can be treated separately as a response to the rates of
return to children, holding constant the parents’ degree of altruism. On the
other hand increase in the demand for quality of children is treated as a
changing combination of the content of children demanded. Both notions
view the endogenously determined fertility as a private response to chang-
ing aggregate economic conditions. Yet the interaction between the two dri-
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between quantity and quality of children, within which the equilibrium fertil-
ity rate is determined. Section III further includes family’s time and effort
devoted in investment in human capital, where human capital is a function
of the expenditure on the quality of children. The path of per capita output
growth is derived from the fertility model. Section IV concludes the paper.

II. The Model

In his re v o l u t i o n a r y work on the demand for children, Becker (1993:
chapter 5, enlarged ed.) generalizes the notions that parents make choice
between the number and the quality of children, and using a utility function
that includes the quantity and quality of children and the quantity of goods
consumed by the family. The models developed by De Tray [1973] and
Willis [1973] also introduce the quality dimension into the analysis of
demand for children. The key to the derivation of the result is that each
component in the utility function has a shadow price and these shadow
prices interact with each other. Thus family changes its behavior in
response to changing economic conditions, the value of time to maximize its
welfare, subject to its resource constraint.

Assume that all families has N members at each generation. The popula-
tion grows at the rate n, thus the number of births per unit of time is nN:

(1)

For simplicity the model assumes that the mortality rate is zero, thus n
denotes both the birth rate and net population growth rate.4

Using Becker’s concept of the shadow prices of the “consumption”, the
family’s income can be spent on raising children and purchasing goods:

(2)PqqnN + ccN = w +(r − n)k[ ]N

˙ N = nN ,
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which are not related to the number of children, while other expenditures
depend on the number of children. Here Pq contains both parts of the expen-
d i t u res on quality. The family’s income consists of wage (w) and re n t a l
incomes on the per capita capital k. Although wage rate differs among dif-
ferent age groups and should related to previous investment in human capi-
tal, here I assume that w is a constant.5 Also assuming that all factor mar -
kets are perfectly competitive, thus w and r a re exogenously determ i n e d .
The production activities will be incorporated in Section III.

The family’s budget constraint can be expressed alternatively in terms of
shadow prices of various “commodities,” quality q, quantity of children nN,
and total consumption cN:

(3)

With different notations, the equation (3) can be written as

(4)

w h e re q denotes the shadow price of quality q, N the shadow price of
quantity nN, while R is the value of the family’s “full wealth.” Since the shad-
ow prices encompass the interactions between quantity and quality, the bud-
get constraint is not linear. The internal equilibria exist only when the quan-
tity and quality are not close substitutes.

The evolution of the family’s per capita capital stock becomes

(5)

Assuming that the family of a given generation cares the welfare of their
c h i l d ren, grandchildren, and later descendants. A re p resentative dynastic
family maximizes the following dynastic function:

1∞

∫

˙ k = 1
N

 

  
 

   R − qq − NnN − c cN( )

qq + N nN + ccN = w +(r − n)k[ ]N +( PqnN )q ≡ R ,

( PqnN )q +( pqq )nN + ccN = w +(r − n)k[ ]N +( PqnN )q.
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value Hamiltonian is

(7)

The utility maximizing head of a dynastic family weighs the marginal benefit
of having more and better descendant against the net cost of pro d u c i n g
them. These requirements are given by the first order necessary conditions
Hc/ c, Hc/ q, and ∂Hc/∂n:

(8)

(9)

and

(10)

The equations (8) and (9) give

(11)

The shadow cost of consumption is equal to the change in total expenditure
on quality due to the effect of changing quality on the shadow price of quan-
tity. Thus if increase in the total quality per child raises the shadow price of
the quantity of children, the shadow cost of consumption will also increase.
As discussed in Becker [1993], the price of quantity shows a positive rela-
tion with q. Since the rates of return to investment in human capital increase
as the economy grows, the demand for q also increases. Increased demand
for q also raises the total shadow cost of consumption, thus holding income
constant, family will substitute the expenditure on q for c. Since ∂ N/∂q = Pq,
the equation (11) also implies that

cN c = (qnN) N

q
.

(
n

)(n N1− cq)1− = −1N + 2( k + N ),

(n N 1− c)1− q− = 2(
N

q
n),

(n N 1− q)1− c− = 2 c ,

Hc = 1
1 −

(n N1− cq)1− + 1(nN )+( 2

N
)(R − qq − NnN − ccN)
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the definition of N depends on q( N = Pqq). An increase in N would lower
the demand for n N and thus further lowers the shadow price of quality,
because ( q = PqnN). From the equations (9) and (10), the ratio of relative
c u rrent-value shadow prices of children n N and per capita capital can be
expressed as:

(13)

The shadow value of quantity in terms of foregone shadow value of capital is
an increasing function of k and a decreasing function of N, if (1 − ) < 0 (i.e.
nN and q are not close substitutes). The second term on the right hand side
is derived from the expression that q( N/ q) = qPq = N, thus the inter-
action between the quantity and quality and their impacts on the shadow
prices of quantity is indirectly expressed in the equation (13). Since

q( N/ q) = N > 0, an increase in the demand for q raises the re l a t i v e
current-value shadow price of the quantity of children.

The other necessary conditions require that the evolution of the costate
variables satisfy and

(14)

(15)

The equilibrium paths for n, q, and c can be solved from the above system.
Since the solutions to the equilibrium paths are excessively tedious in this
formulation, the analysis here will focus on the balanced growth path. Since
the maximum principle gives that 

·
1 = 0 and 

·
2 = 0 at steady state. Thus by

using the conditions that the costate variables have the same growth rates
(

·
1\ = ·

2\ = 0) in a balance growth equilibrium, the following re l a t i o n

˙ 
2 = − Hc

k
+ 2 = −(r − n) 2 + 2.

˙ 
1 = − H c

N
+ 1 = −(

1
N

)(n N 1− cq)1− (1 − )− 1n + 1 ,

1

2

= 1
N

 

  
 

   k +(1 − ) N[ ].
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growth in consumption is

(17)

Thus the growth rate of consumption becomes

(18)

Substituting the equations (8), (10) and (13) into the above equation, the
costate variables can be eliminated:

(19)

Solving the system explicitly involves extremely arduous works. Instead,
the following analysis chooses the expression for n derived from the steady
state condition.6 By using the equations (19) and (17) the fer tility n can be
expressed as

(20)

From the expression for n, the per capita family income (w + rk) is posi-
tively related to the fert i l i t y. There f o re, the income effect of demand for
quantity is positive and children is a “normal good” is this formulation.

Malthusian model assumes that higher level of per capita income leads to
higher fertility rates and the per capita income growth at the “subsistence
level” is zero. More recent conventional analyses on the fertility show the
c o n t r a ry prediction, higher level of per capita income implies a lower
steady-state rate of population growth. However, this does not mean that the
elasticities of demand for children are negative. As pointed out by Becker
and Lewis [1973], even though the income elasticity of demand for children
can be positive and large, the fertility rate declines due to the substitution

n =
w + rk − c c( )N ( −1) N − k[ ] + qq(1 − )k − k

(1 + )k + N[ ] ( − 1) N − k[ ]N .

˙ c 
c

= (
1
N

) qq(1 − )

k −( − 1) N

+ n − .

˙ c 
c

= 1

1 N

 

  
 

   (n N1− cq)1− (1 − ) + n − .

˙ c 
c

=
˙ k 
k

= 1
k

w +(r − n)k − Nn − c c[ ]
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between fertility and income holds only when countries have a little human
capital.

My analysis also shows similar result. Since the shadow price of quality q

varies positively with the fertility rate n, a decrease in q would lower the
fertility rate n. In the course of economic development, per capita income
rises and the shadow price of quality falls. Although income effect in the
equation (20) is positive, the net effect from higher income and lower shad-
ow price of quality is then an empirical matter. That is, the “observed” elas-
ticities of demand for children may be negative, despite the “true” elastici-
ties are positive. Theoretically, the equation (20) does not rule out the situa-
tion that fertility rises as economy grows.

The shadow price of quantity N does not show a clear relation with the
fertility. The N in the denominator shows a negative relation with n, while

N in the numerator has a positive ef fect on n, unless the expre s s i o n
(w + rk − cc) is negative. Thus the net effects of the shadow price of quanti-
ty are ambiguous when per capita income is greater than consumption.
Much of the ambiguity in the effects of N over the fertility rate in the equa-
tion (20) stems from a lack of explicit linkage between the value of human
time and costs of raising children in the family budget constraint. One of the
important sources that contributes to increasing the shadow price of quanti-
ty and lowering the shadow price of quality is the rising value of human time
as a result of economic development. The value of human time is the major
cost of raising children for a given level of quality per child. Taking into
account this aspect of the fertility choice, the positive income effect of the
demand for children would be further offset by rising costs. It is then rea-
sonable to perceive that the net effect of N over n is negative.

The result also shows a positive relation between fertility and altru i s m
per child. This implication is consistent with standard fertility analysis when
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ence rate and raises fertility. Since the path of the per capita consumption is
negatively related to the rate of time preference, a higher altruism per child
is associated with higher future consumption. Higher altruism per child and
lower time pre f e rence rate is related to greater investments per child and
could lead to a substitution of quality for consumption in the transition.
Thus demand for quantity and quality are both positively related to altruism.
Although parental altruism is one of the determinants of fertility choice, this
paper will not further explore its impacts on fert i l i t y. The formation and
change of parental altruism are still ignored in most literatures of the eco-
nomic approach to fertility. Nonetheless, if again the interaction between q

and N is included, a higher altruism per child can increase the demand for
children in the form of increased total quality.

III. Output Growth and the Shadow Price of Quality

In the course of modern economic development, fertility rate falls and
quality per child measured by education and health increases in most indus-
trial and other rapid growing economies. As discussed in Section II, shadow
price of quality plays a key role in the transition toward a lower rates of fer-
tility. A decrease in the shadow price of quality is equivalent to an increase
in the rates of return on investment in human capital. Increase in the rates
of return in to human capital raise expenditure on q and require a postpone-
ment of entering labor market. This section extends the analysis to include
the investment in human capital and economic growth.

Assuming that all the expenditure on q is directly related to the accumula-
tion of human capital, h = h(q), and the total human capital stock is H = hN.
Since the alternative uses of parental time and effort can be spent on work
and educating children, the model assumes that the pro p o rtions of these
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(22)

where y ≡ Y/N and k ≡ K/N. Then the accumulation of k can be written as

(23)

By introducing the eff o rt or current time allocation, the accumulation of
human capital can be represented by

(24)

w h e re (1 − u) is the eff o rt devoted in the accumulation of human capital, and
the efficiency of the eff o rt used in the production of human capital. If all

e ff o rt is used in the production of output (u = 1), then no eff o rt (1 − u = 0) is
used in the accumulation of human capital and H

· = 0. There f o re the opport u-
nity cost of accumulating human capital, such as on-the-job training and
schooling, is explicitly expressed as the foregone output production. The
evolution of the per capita stock of human capital is

(25)

Using the equations (23), (25), and the utility function, the growth rate of
output can be solved from the system. Note that the system now includes
three state variables and four control variables. A new current-value Hamil-
tonian can be expressed as:

(26)

The growth rate of the per capita output can be derived from the model
(Appendix A):

(27)˙ y (1 − )(n N1− q) ( ˙ n /n + ˙ q /q) −

Hc = 1
1 −

(n N 1− cq)1− + 1(nN )

        + 2 Ak (uh)1− −( qq / N ) − Nn − c c[ ]+ 3 (1 − u) − n[ ]h.

˙ h = (1 − u) − n[ ]h,

˙ H = (1 − u)H ,

˙ k = Ak (uh)1− −( qq /N )− Nn − cc

y = Ak (uh)1− ,
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(28)

In this expression, a lower shadow price of quality q is associated with
faster pace of the rate of economic growth, holding other variables constant.
The effect of a change in fertility rate n over the per capita growth rate,
h o w e v e r, does not show a clear-cut direction. Larger n tends to raise per
capita output growth, while the resulting larger N in the denominator lowers
the per capita growth.

The ambiguous relation between fertility and economic growth rate can
be further discussed in terms of the equation (20). Since the equation (20)
shows that lower shadow price of quality ( q) implies a lower fertility rate n,
while the equation (27) shows that lower shadow price of quality is associat-
ed with faster per capita output growth rate. Thus there is a negative rela-
tion between economic growth rate and equilibrium fert i l i t y. This re l a t i o n
can be shown in Figure 1:

˙ y 
y

= (1 − )(n N 1− q ) ( ˙ q /q) −
(1 − )Ak u1− h− (dh /dq)−(1 − )∆

,

F i g u re 1
Equilibrium Fertility and Economic Gro w t h
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The positive relation between q and n re p resented by the curve A A i n
quadrant I, while the negative relation between q and economic gro w t h
rate g is drawn in quadrant II (curve BB). Through a 45° line in quadrant
III, the relation between n and g is shown in quadrant IV (curve CC). A
lower equilibrium fertility rate n1 ( c o m p a red with n0) is associated with a
higher economic growth rate g1 (compared with g0). From the figure we can
see that the relation between g and n is linked through the shadow price of
quality q. Since q is determined by other factors in the economy such as
the opportunities and rates of returns in investment in human capital, a fam-
ily planning program that reduces the fertility n for all levels of q shifts the
A A c u rve leftward to A ' A '. A new n q schedule will also cause C C c u rv e
move inward to C'C'. Consequently, a policy that reduce n may not necessar-
ily raise economic growth g.

Figure 1 can also explain the situation where n and g move in the same
direction. For example, increase in the altruism per child and hence a lower
time preference rate would raise per capita output growth rate in the equa-
tion (27), while a higher altruism per child (lower time preference) raises
fertility in the equation (20). Hence a positive linkage between equilibrium
per capita output growth and fertility is also feasible in the system. In figure
1, a lower time preference causes higher growth rate is equivalent to shift-
ing BB curve outward (to the left) and thus causing a rightward shift of CC
curve. It would imply either a higher per capita output growth rate for any
given fertility or a higher fertility and economic growth occur at the same
time. The positive relation is there f o re feasible when C C c u rve is moving
toward the right. The same projection applies when other factors – say, tech-
nological progress – moves BB curve outward. In short, the analysis shows
that the although for any given set of CC curve, higher n is associated with
lower g, but the relation can not be manipulated by artificially bringing
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between quality and quantity, the equation (27) shows that lower shadow
price of quality and thus higher rates of return on human capital investment
raises the demand for q relative to n. An increase in investments on the
quality of children induced by a lower shadow price q increases the educa-
tion expenditure per child, which is consistent with higher growth rate in
per capita output. Thus the relation between fertility and economic growth
rate is dependent on a set of variables and parameters which determ i n e s
shadow price of quality. Barro and Becker [1989] derives the relation that a
higher steady-state per capita growth rate is associated with a lower growth
rate of population. In their model, higher per capita growth also raises real
interest rate, while a higher real interest rate lowers fertility. Thus the nega-
tive relation between per capita growth rate and fertility holds only if the
positive association between per capita growth rate and real interest rate is
sufficiently weak.8

Although the Malthusian theory had become outdated long before the
end of the nineteenth century, the theory has revitalized in recent decades
in various forms with or without the name of the neo-Malthusianism. There
still seems to be a great number of people and policy makers believing that
population growth has been an obstacle to economic growth in less devel-
oped countries. There is a common notion among those who fear population
growth will eventually thwart the growth of per capita income: “Increasing
f e rtility of the soil and reducing the fertility of human beings” 〈M e i e r
[1989]〉.9 My analysis shows that if the effects of the price of quality domi-
nate others, a fertility does show a negative relation with economic growth.
H o w e v e r, through the endogenous decisions of fertility choice and invest-
ment in quality of children, the result does not necessarily imply lower fer-
tility would cause faster pace of growth, unless high costs of fertility have
been a major factor in determining the fertility and the size of family. Rosen-
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zweig [1990] shows that the costliness of fertility control only plays a minor
role in inhibiting human capital investment.

Does diff e rence in the parental altruism play an important role in the
cross-country comparison of economic growth? According to the model, if
we holds shadow price of quality constant and assume that there are no gov-
ernment subsidies and tax on fertility and education, then observed differ-
ences in fertility and economic growth can result from differences in altru-
ism. Easterlin [1983] believes the preference and thus the parental altruism
changes over time, and the demand for children is heavily influenced by
parents’ tastes. As discussed in previous section, a change in parental altru-
ism changes fertility. But the knowledge of the formation of altruism is still
in its preliminary stage in economics, there are still insufficient theories and
evidence that can be used to further analyze its interrelations with other fac-
tors in the model. Without using diff e rence in altruism as a source to
account for the declining fertility, the model of this paper can generate simi-
lar implications that fertility choice change as economic conditions changes.

Families of poorer countries invest a much smaller per capita amount in
children than do families of richer countries, although the total investments
in terms of percentage of family income may not be lower in poorer coun-
tries. Presumably this reflects a much higher shadow price of quality of chil-
d ren in less developed countries. Or altern a t i v e l y, it also reflects a higher
rates of re t u rn from having more “quantity” of children in less developed
countries, as described by T. W. Schultz [1973]: “Children are in a very
important sense the poor man’s capital.” The opportunities of investments
and rates of return to education increased rapidly in Taiwan and other fast
g rowing East Asian economies since 1960s. A secular decline in fert i l i t y
rates not only reflects decreasing shadow price of quality, but also re p re-
sents intentional efforts in pursing the maximum returns of investment on
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The shadow price of quality plays a key determinant in linking the fertility
change and the growth of per capita output. The result shows explicitly that
the income effect of demand for children is positive in the equilibrium path
of fert i l i t y. Thus on the one hand the model bears Malthusian implication
that children are normal goods; on the other hand, the “observed” decline
in fertility does not represent the “true” elasticities of demand for children.
Since the shadow price of quality varies positively with fertility, a sufficiently
large effect of this linkage can bring a negative relation between per capita
income and fertility.

The relation between fertility and economic growth can not be signed
directly from the balanced growth path. This is because equilibrium fertility
varies negatively with the rate of time preference. Thus a higher fertility is
consistent with lower time preference and higher savings rate, which is con-
sistent with a higher rate of economic growth. However, a lower shadow
price of quality is consistent with both lower fertility and faster pace of per
capita output growth. A positive link between fertility and economic growth
is derived through the impacts of the shadow price of quality. In order to
highlight the role of the shadow price of quality in linking between fertility
and growth, a graph (figure 1) is used to summarizes these interdependent
effects on economic growth and fertility. Whether there exists a positive or
negative link between fertility and growth depends on whether the set of
variables and parameters that determine the relations between q and n and

q and g are stable. If all these variables are not changing, then the observed
relations between n and g would be negative.

Since a policy that reduces fertility itself does not necessarily cause a
faster growth in per capita income if the factors defining the re l a t i o n s
between n and q do not change, a more cautious way to accept warnings on
population explosion is required. In addition to changing relations between
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growth and fertility specified in the model of this paper.
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(A.2)

(A.3)

(A.4)

Since the evolution of costate variables are

(A.5)

(A.6)

and

(A.7)

From the above equations and the conditions that all costate variables grow
at the same rate at steady state, the following relations hold:

(A.8)

and

(A.9)

F rom the equations (A.1), the expression of the growth rate of 2 can be

(1 − )Ak −1(uh)1− =( 2

3

)(1 − )Ak u1− h −

                                    + (1 − u) −n[ ].

(1 / N )(n N1− cq)1− (1 − ) +n

= ( 2

3

)(1 − )Ak u1− h− + (1 −u) − n,

˙ 
3 = − Hc

h
+ 3 = − 2(1 − )Ak1− h− − 3 (1 − u) − n[ ] + 3.

˙ 
2 = − Hc

N
+ 2 = − 2(1 − )Ak −1(uh)1− + 2 ,

˙ 
1 = − H c

N
+ 1 = −(

1
N

)(n N 1− cq)1− (1 − )− 1n + 1 ,

2(1 − )Ak h1− u− = 3 h.

(
n

)(n N1− cq)1− = − 1 N + 2
q

n
q
N

+ N

 

 
  

 

 
  + 3h.

(n N 1− c)1− q− = − 2 (1 − )Ak u1− h− dh
dq

−( q /N ) − N

q
n

 

 
 

 

 
 

− 3 (1 − u) − n[ ]dh
dq

,
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the equation (A.10) becomes

(A.11)

Also from the equations (A.1) and (A.2), we get

(A.12)

From the equation (A.7) and (A.11), the following relations hold:

(A.13)

Substituting the equation (A.12) into the above expression, the expression
for the growth rate of per capita output can be shown as:

(27)

where

∆ = c(c /q )+(1 − )Ak u1− h− ( dh/ dq)−(2 q / N ).

˙ y 
y

= (1 − )(n N1− q) ( ˙ n /n + ˙ q /q) −
(1 − )Ak u1− h− (dh /dq)−(1 − )∆

,

− 2

3

(1 − )Ak u1− h − − (1 − u)− n[ ]+

= (1 − )(n N 1− q) (
˙ n 
n

+ ˙ q 
q

) − (1 − u) − h[ ].

2

3

= −
(1 − u)− n[ ]  dh/ dq( )

c(c /q )+(1 − )Ak u1− h− ( dh/ dq)−(2 q / N )
,

˙ 
2

2

= (1 − )(n N 1− q ) (
˙ n 

n
+

˙ q 
q

)− (1 − u)− n[ ].


