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International Impact of Productivity Shocks
with Endogenous Labor Supply:
The Two Large Economy Case
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Florida International University

Abstract

The study constructs a deterministic, overlapping-generations, two-economy
model. The analysis is conducted in the context of an infinitely-lived economy
where individuals have finite (two-periods) lifetimes. The model shows that a
positive productivity shock produces positive correlation between savings and
investment despite the fact that there is perfect international capital mobility.
Further, the simulation results show that the endogeneity of the labor supply
gives rise to cyclical adjustment of the economy towards its steady state. (JEL
Classification: F4)

I. Introduction

This study constructs a deterministic, overlapping-generations (OLG),
two-economy model to explore responses of the two economies to produc-
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tivity shocks under conditions of perfect international capital mobility. The
focus of the analysis is on the relationship between savings and investment
in large open economies (LOE). Employing simulation, the model is used to
generate time-series for the LOE’s savings and investment. The savings-
investment correlations obtained from the simulated time series are then
compared with the actual data for specific economies.

The analysis is conducted in the context of an infinitely-lived economy as
in Obstfeld [1986], Tesar [1988, model I], Finn [1990] and Mendoza [1991].
Finn [1990] observes that this assumption provides interesting savings and
investment dynamics. Since only one saving and one investment decision is
being made, she points out that restricting the lifetime of the economy to,
for instance, two periods precludes savings and investment dynamics in the
strict sense of the word. In the infinitely-lived economy, individuals have
finite lifetimes of two-periods, as in Murphy [1986], Tesar [1988, models I
and II], Finn [1990] but in contrast to Obstfeld and Mendoza [1991]. As indi-
cated by Finn [1990], this assumption assures nice stability properties for
the model without putting arbitrary restrictions on the rate of time prefer-
ence. Also, in this model, in contrast to Obstfeld [1986], Murphy [1986],
Tesar (1988, models I and II) but as in Finn [1990], productivity shocks will
have effects on both domestic and foreign technologies.

The issue of the positive correlation between savings and investment
under conditions of perfect international capital mobility has been the sub-
ject of a substantial empirical literature in response to the work of Feldstein
and Horioka [1980]. One interpretation of the evidence that there exist sig-
nificantly positive cross-sectional and time-series correlations between sav-
ings and investment is that this finding implies international capital immo-
bility. The analysis undertaken here shows that this interpretation of the evi-
dence is not necessarily the correct one. The paper suggests that by having
a positive effect on both savings and investment, the positive productivity
shock may be the key determinant of the savings-investment correlation.

Studies of productivity shocks in models with non-traded goods also cap-
ture a mechanism similar to the ones with endogenous labor supply. Howev-
er, when labor supply is endogenous, the relationship between savings and
investment decisions is associated with the change in the marginal produc-
tivity of capital. In the models with non-traded goods, on the other hand,
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savings and investment are correlated because of the connection between
consumption growth and capital stock accumulation.

When labor supply is endogenous, an increase in investment rises capital
stock. This in turn leads to a higher marginal productivity of labor and as a
result higher wage level. The rise in the wage rate increases labor supply
and this leads to a further rise in income. This in turn increases savings.

In the presence of the non-traded goods, however, production decisions
depend upon consumption choices for the non-traded goods. Thus, when
savings increase (decrease) consumption of non-traded goods falls (rises).
As a result, production of non-traded sector in the home economy also falls.
This shrinkage in non-traded sector causes factors of production to move
out of this sector. If the non-traded sector is relatively labor intensive, the
marginal productivity of capital rises. Therefore the desired capital stock
will rise and that will cause a positive correlation between savings and
investment.

In what follows, our discussion focuses on two large open economies rep-
resented by a Samuelson-Diamond type overlapping generations model.
The study also endogenizes the labor supply decisions of households. This
gives rise to the cyclical adjustment of the world economy towards its
steady-state. The model is parameterized, calibrated, and simulated to
explore the causes behind the degree of correlation between savings and
investment.

The rest of the paper is organized as follows. Section II describes the
autarkic equilibrium of the two economies. In section III, we analyze the
open economy equilibrium. Section IV presents the results of simulations
for a benchmark model, and compares these with the actual data for the
three largest economies in the world. Section V concludes the paper.

Il. THE MODEL
A. The Autarkic Equilibrium

Consider an autarkic economy that has competitive factor and output
markets. By employing capital K, and labor L under constant-returns-to-
scale technology firms produce a single good which can be used for con-
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sumption and investment. The supply of capital is determined endogeneous-
ly by the savings behavior of individuals.

B. Momentary Equilibrium

Labor supply, L, by individuals is endogenous. The rate of growth of popu-
lation, %, in each economy is for simplicity assumed to be zero. N,,; = N, = N,
where N represents the size of the generation in a given time period in the
economy. Individuals live for two periods. Thus, the economy, at any point in
time, is comprised of two generations, the young and the old. Members of
each generation are identical. Every individual works only in the first period
of his/her life in which he/she is endowed with one unit of labor, and retires
in the second period. Individual utility is defined over commodity consump-
tions, ¢}, ¢2, in periods t and ¢+1 and leisure in period £.

The representative individual born at time ¢ maximizes lifetime utility
over consumption, ¢}, ¢?, and leisure paths, that is, he/she maximizes

Vi, ¢¢, L)=U(c, L)+1+p)U(c?) 1)
Subject to
(w, L, —¢)A+7,,) =2, ¢!, ¢¢=0, 0<L, <1 2

where p, ¢}, ¢, L,, w,, 7,; denote the rate of time preference, first period con-
sumption, second period consumption, labor supply, the wage rate and the
rate of interest. The second period consumption is financed from savings:
¢? = r,,,'s, where s, represents the savings in the first period. The budget
constraint of an individual is given by ¢,! + s, < L,w, . The instantaneous utili-
ty functions U(c}, L,) and U(c?) are assumed to have following properties:

U,>0, U?>0, U, <0, U, <0, U,,<0, U, <0, p=0,

that is instantaneous utility functions U are strictly quasi-concave and
increasing in ¢}, ¢/, and decreasing in L,, and satisfy the Inada conditions.
The rate of time preference, p, is exogenous. Given the conditions imposed
on the utility functions, the budget constraint holds with equality, and we
will have interior solutions for ¢}, ¢?, and L,. The first-order interior condi-
tions for individuals are:
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U.(e}, L)-A1+7,,)=0 )
A+p) U () -A=0 O]
U, (cl, L)+ AL +7,,) w, =0 ®)
(w,L —¢}) (A +7,,)—cl =0 ©)

At the beginning of any time period, the young generation supplies labor,
which combined with the capital stock owned by the old generation pro-
duces the flow of output. Since the old generation in period ¢ + 1 is retired,
its labor earnings in period ¢ + 1 equal zero. Since labor and capital markets
are competitive, profit maximization by firms implies that the marginal prod-
uct of labor equals the real wage rate.

Wy =f (kt) - ktf /(kt) (7)

where f(k,) is output per worker, and k, = K,/L,. The production function sat-
isfies the Inada conditions. Similarly, the optimum choice of capital equates
the rate of interest to the marginal product of capital:

e =1k ) ®)
The savings of each member of generation ¢ is related to the capital stock
of the next period by:
Sw,, 7;,) =wl,—ct=K,., ©)
or
S@wy, 1;,0) =wl,—c} =k 1Ly €D

Solving equations (3)-(6) for ¢}, ¢?, and L, as functions of w,, 7,,,, and p, we
obtain:

6 =& (W Bugl D) (10)
Ctz :cz(wt’ 15 P) 11)

L= L{t0;, %447 P) 12)
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lll. The Two-Economy Equilibrium

The two large open economies are connected by an international com-
modity market and an international capital market in the model. From now
on variables associated with the foreign country will be indicated by a bold-
italic letter for the relevant variables. The foreign economy is assumed to
have a lower rate of time preference than the home economy. In addition,
output can be moved costlessly between the economies, and domestic and
foreign capital are perfect substitutes in portfolios of households. Thus,
interest rates are equalized in the world economy:

r=r, V& 13)

There is only one perfect world market for capital and for the current pro-
duction of the homogenous commodity. Since there is international capital
mobility, it is important to distinguish between the value of claims on real,
domestic or foreign capital, A,, owned by domestic households, and the cap-
ital stock, K,, used in production in the home country. This distinction gives
us the difference between gross domestic product and national product in
national income accounting. Location and ownership of physical capital will
not coincide anymore. Because of the perfect substitution between domes-
tic and foreign real capital, free trade in the capital market, interest rate
equalization, and identical, linear homogenous production functions, the
capital-labor ratios and wage rates will be equal in both economies:

k= Ik (14-a)
w,= W, (14b)

The behavior of the integrated world economy is given by the optimizing
behavior of domestic and foreign households, factor market equilibrium
conditions, and the world capital market equilibrium condition. Domestic
household behavior is given by (3)-(6). Foreign economy household behav-
ior is similar. Factor market equilibrium in both economies is given by equa-
tions (7) and (8). The equality of total savings with capital available in period
t+1 is implied by equation (9’). Since total savings in period ¢ equals the cap-
ital stock of the economy in period ¢+1 and since capital markets in the two
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countries are integrated, the world capital market equation is given by:
wlLi+ w Ly —cf — c} =k (L + Lyl (15)

Given the predetermined value of &, = &,, the model determines the
momentary equilibrium values of ¢}, ¢?, L,, ¢}, 2, L,, w,, 7,,; and k, .

Substituting equation (10) (with its counter-part equation for foreign
economy) into the world capital market equation, (15), and using equations
(7) and (8) (with their counter-parts for foreign country) will give us a sec-
ond-order difference equation in k, which describes the evolution of the
model from arbitrary initial conditions:!

fk) = kf (k) [f(k) — kf'(Ry), f'(kys1); p+ [ (k) — kof (K, [k ) P

—{cfk) — kf' k), [ (ke 1); pl + k) — kof (K, f'(Ky.h); P

=k [k 1) = ki f (R, /(R 0y p + flkpy) — by [ (K1), [/ (Kp2); P
(16)

A. The Balance of Payments Account

Analyzing the balance of payments account of one of the two economies
will be sufficient to obtain results for a two-economy world, because

Bi.1=-B, 17)

and
CA; =-CAry (18)

where B, ,; represents the trade balance surplus of the home country in
period ¢t+1, and CA,,, represents the current account surplus of the home
country in period ¢ +1. Under the condition of no official balance settle-
ments, the current account surplus (deficit) of a country is identically equal
to its capital account deficit (surplus). The balance of trade surplus is
defined as the excess of domestic product over domestic absorption (i.e. the
sum of consumption and domestic capital formation):

B, = Nf (k) —Ct1+1N_Ct2N_ (K2~ Ki11) 19)

1. See Appendix C for eignvalues.
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or
by :f(kt+l)_ct1+1 _ct2 ~ (ko — ki) 199

The current account surplus is the excess of national product over
domestic absorption. National product equals domestic product plus net for-
eign investment income. If we define A, ,, as the wealth of the home econo-
my at the beginning of period t+1, then the net claims on the rest of the
world will be A,,; — K;,; and the net foreign investment income will be
71.1(A;1 — K,,1). The economy’s wealth at the beginning of period consists of
the accumulated savings of the members of generation t as:

Ay = wly—c)N (20)
or

a;,,=wL,—c} (20")

As indicated by Buiter [1981], national wealth differs from the value of
domestic capital stock because of the opportunity for international borrow-
ing and lending, and different rates of time preference. There is a presump-
tion that an economy consisting of people with high (low) rates of time pref-
erence will tend to be a net foreign borrower (lender). This supposition
might be examined as follows:

The current account deficit of the home economy is given by

CA1+1 = Nf(kt+l)+rt+1(Af+1 - Kt+1)_ct1+1N_ct2N_(Kt+2 - Kt+1)’ (21)

or
ey = f(kp) +7,0(ay —Ryy) - ct1+1 - th —(kyyp— Ry i) 1)

With CRS in production and marginal productivity factor pricing, f(k,,;) =
Wyq + 7,1k, €quation (21) can be written as:
€y =Wy + 0418y —Crog — G — (R o — Ry ). (217)

The current account deficit can be also viewed as the net foreign invest-
ment by the foreign country in domestic economy. Net foreign investment
is the excess of domestic wealth accumulation (savings) over domestic capi-
tal formation, that is:

CAt+1 = At+2 - At+1 - (Kt+2 - Kt+1) ’ (22)

or
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Cay 1 =Qpyp — Cpy — (kt+2 - kt+1)' (22l)

B. Steady-State Equilibrium

We define the steady-state equilibrium of the two-country model by the
following equations for the home economy and as well as for their counter-
parts where necessary:

(wL-c)(A+7) =2 6"
The factor and capital market equilibrium conditions are given by the
equations:
w=f(k) — kf'(k) @)
r=f'(k) @)

Stationary world capital market equilibrium conditions, as well as home-
economy net worth are shown by the equations:

w[lL+L]-c'—c'=k[L+ L] 15)
a=wL-c! (23)

The steady-state balance of payment equations are given as:

b=f(k) —cl—c? (24)
ca=fk)+r@a-k) —ct-c? (25)
ca=0 (25)

C. Parameter Values and Calibration

Specific utility and production functions are used to simulate the behavior
of the model over time:

U(ct, L) = [e?(1 = Ly'°1*/ (1~ o) (26)
U(c?) = ¢,°9/(1- o) 27)

flk) = OkY (28)
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The model is parameterized so as to make it roughly consistent with
some of the empirical regularities that reflect the structure of a large open
economy with a high degree of integration with world financial markets. In
that sense, US, Japan, and Germany are considered to fit this definition. In
order to solve the model, values are chosen for the parameters 6, ¢, o, p and
p, that represent the productivity coefficient, the share of capital, the coeffi-
cient of relative risk aversion, and pure rate of time preferences for home
and foreign economies. The data considered for US, Japan, and Germany
comprises of annual observations for the period 1970-92, detrended with a
quadratic time trend in order to assure stationarity. On the other hand, the
simulated data consists of 15 periods. The statistical moments for actual and
simulated data are reported in Table I (see Appendix B).

The values of the parameters are selected using actual data and the
restrictions imposed by the structure of the model as well as from the rele-
vant empirical literature. The productivity shock is set to equal to ten per-
cent. The share of capital (is set to equal to the average capital share in pro-
duction in the three largest economies excluding human capital. The capi-
tal’s share in production has been calculated by Kydland and Presscott
[1982] using US time series data, and was found to be 0.36. Several other
studies like Devereux and Love [1994] and Hansen [1985] also adapt the
same value by following Kydland and Presscott [1982], Presscott [1986],
and King and Rebelo [1990]. On the other hand, Mendoza [1991] sets the
value of o to 0.32. In the absence of human capital, however, we adapt the
value of 0.25.

The relative risk aversion parameter, o, is assumed to be 4 in the bench-
mark parameterization of this study. There is no consensus, however, about
the value of the risk aversion parameter. Kydland and Presscott [1982], for
instance, estimated that the risk aversion parameter was near zero. Men-
doza [1991], however, by considering the indication of Prescott [1986]
claims that o is not likely to be much larger than 1, and uses the values of
1.001 and 2. On the other hand, Baxter and Crucini [1993] set the o to be
equal to 2, and state that this value is inline with many empirical estimates.
They also undertake a sensitivity analysis and investigate the implications of
0=10. They found that the effect of this perturbation is minimal.

The value of the rate of time preferences also has not been precisely
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determined by the literature, and it is chosen to be in the range of zero to
two hundred percent. This study sets the rate of time preferences 0.9600
and 0.9463 for the domestic and the foreign economies respectively, which
imply a steady-state annual rate of interest of approximately eight percent.

In summary, these parameters are set as follows: 6 = 1, and (before and
after the productivity shock), o= 0.25, =4, p = 0.9600, p = 0.9463.

IV. The Benchmark Model

A. The Effects of Positive Productivity Shock

This section of the study presents the basic framework of real business
cycles in a large open economy. In this framework, the technologies of both
the domestic and the foreign economy are affected by a positive productivi-
ty shock of ten percent.

The model developed above shows cyclical adjustments due to endoge-
nous labor supply. The fact that labor supply is endogenous implies that the
marginal productivity of capital and thus investment are altered by changes
in the labor supply. Also, Karayalcin [1995] argues that the endogenous
labor supply establishes an additional link between investment decisions of
the firms and consumption, savings, and labor supply decisions of the
households that is absent in the exogenous labor supply models.

Figure I (see Appendix A) depicts the transient paths of the capital stock
K, labor supply L, aggregate consumption AC, output Y, savings S, invest-
ment /, the wage rate w, the interest rate 7, the current account surplus CA,
and the balance of trade surplus B. Simulation shows that when a positive
productivity shock hits the economy, this raises the capital stock in the long-
run. The rise in the capital stock causes a positive substitution effect and a
negative wealth effect on labor supply. The former tends to raise the labor
supply and therefore employment. The second lowers the labor supply. Sim-
ulation shows that across steady-states, labor supply declines, indicating
that the wealth effect dominates the substitution effect. Moreover, across
steady-states, the positive productivity shock increases the output level, or
GDP, leading to an increase in aggregate consumption (i.e., consumption of
both the young and the old). The rise in capital stock also causes a compen-
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sating fall in net external assets of the home country, and thus, across
steady-states foreign asset holdings decline. Hence, the balance of trade sur-
plus of the home country decreases across steady-states. Since the rate of
population growth is zero, at the new steady state the economy’s current
account surplus will be zero.

On impact, an increase in productivity leads to a positive wealth effect in
the economy. This increases consumption. However, the rise in the wage
rate on impact dominates the initial positive wealth effect leading to an
increase in labor supply and thus employment on impact. Since the capital
stock is predetermined on impact, the increase in labor supply causes a
decline in capital-labor ratio. This coupled with the rise in productivity leads
to a rise in the world interest rate on impact. Also note that since home
economy’s rate of time preference is higher than the foreign economy’s
time preference, the consumption level for the home economy will be high-
er than that of foreign economy after the positive productivity shock. Fur-
thermore, on impact, the productivity shock raises output.

On impact, the impatient (high rate of time preference) home economy
engages in an intertemporal substitution of its consumption, raising its
current consumption which is financed by borrowing. Together with the
decline in savings and the increase in investment, this leads to a current
account deficit in the home economy. On the other hand, the patient (low
rate of time preference) foreign economy experiences a current account
surplus on impact. That is, the economy with the higher rate of time pref-
erence (home economy) has a current account deficit on impact since it
has a higher value of consumption right after the positive productivity
shock.

To see how the cyclical adjustment of the economy continues, it is now
suifficient to discuss briefly the change in the capital stock. The simulation
results displayed in figure I suggest that as the economy continues to accu-
mulate capital, this leads to a further increase in the wage rate. However,
the further rise in the wage rate has a slowing wealth effect leading to a
decrease in labor supply and thus employment. Simulation analysis also
shows that though GDP rises further, the decline in employment causes
aggregate consumption to decrease. Furthermore, simulation results sug-
gest that the decrease in labor supply in the first stage of adjustment lowers
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labor income to the degree that though it is accompanied by a decrease in
consumption savings and investment decline.

Simulation also shows that the home economy runs a current account
surplus in the first stage of the adjustment indicating that the decline in con-
sumption and investment outweighs the effects of the dissavings. On the
other hand, the foreign economy runs a current account deficit. The simula-
tion results suggest that after eleven periods the cyclical adjustment of the
variables brings the economy arbitrarily close to its steady-state.

B. The Empirical Results

In this section I compare the statistical moments produced by the bench-
mark model with the moments obtained from three large open economies,
namely, US, Japan, and Germany. Table I (see Appendix B) provides statis-
tics describing the cyclical behavior of the US, Japanese and German
economies, and the benchmark model developed above. For each economy,
and the benchmark model, three columns of statistics are reported. Column
(1) provides a measure of volatility (the standard deviation of the variable);
column (2) provides a measure of first-order serial autocorrelation; and col-
umn (3) provides a measure of comovement (the contemporaneous correla-
tion with GDP).

The parameterized benchmark model and actual data for US, Japan, and
Germany replicate the following patterns. Looking first at the benchmark
model, we observe that despite its anomalies, it does well in mimicking the
actual data in terms of the savings-investment correlation. The high correla-
tion between savings and investment in the benchmark model replicates
this feature of the German, US, and particularly Japanese data remarkably
well (0.998 vs. 0.735, 0.802, and 0.922 respectively). However, the high cor-
relation between these two variables in the benchmark model does not
reflect a low degree of international capital mobility but supports the argu-
ment presented by Obstfeld [1986], Finn [1990], and Mendoza [1991], that
with perfect capital mobility the size of the comovement between saving and
investment in economies depends upon the degree of persistence of the
underlying technological disturbances. In cross-sectional data, Obstfeld
[1986] pointed that the common factors affecting both saving and invest-



Ali Kocyigit 477

ment rates may cause these variables to be highly correlated.

Second, we typically observe that consumption and savings are less
volatile than output and investment is more volatile than output in the bench-
mark model. These results are in accord with the actual data with the excep-
tion of savings. However, the benchmark model underestimates the extent of
volatility for savings compared to actual data for all three economies. Com-
pared to Japanese data, the balance of trade surplus and the current account
surplus display considerably high volatility in the benchmark model. Howev-
er, they fairly mimic the US and the German data (0.179, 0.136 vs. 0.129,
0.151, and 0.184, 0.180 respectively) in this respect. Furthermore, the volatili-
ty of the GDP and the aggregate consumption in the benchmark model are
relatively closer to actual data than other variables.

Moreover, for the persistence of the movements in the different variables,
as characterized by their first-order autocorrelations, presented in column
(2), in contrast to actual data, the benchmark model exhibits negative first-
order autocorrelations for savings, investment, the balance of trade surplus,
and the current account surplus. Yet the benchmark model performs fairly
well for aggregate consumption and particularly for GDP in mimicking the
actual data. Investment, on the other hand, shows lower persistency in the
benchmark model compared to actual data (-0.364 vs. 0.567, 0.712, and 0.742
for US, Japan, and Germany respectively).

The benchmark model’s display of the contemporaneous correlation of
the variables with GDP, presented in column (3), shows mixed results. The
contemporaneous correlation of aggregate consumption behavior with GDP
in the benchmark model mimics the actual data (0.799 vs. 0.919, 0.971, and
0.897 for US, Japan, and Germany respectively). Also the contemporaneous
correlation of all the variables with GDP in the benchmark model display
same signs as the actual data with the exception of savings.

V. Conclusions

Even though they have had some success in replicating the features of
the actual data, closed-economy real business cycle models ignore the
international linkages among countries. Existing open-economy models that
incorporate intratemporal and intertemporal linkages have also had only
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mixed success in replicating key features of international data such as the
comovement between savings and investment and the trade balance and
output.

The paper has illustrated that positive productivity shocks to domestic
and foreign technologies play a significant role in explaining the observed
high savings-investment correlations and that such high savings-investment
correlations do not necessarily stem from the lack of international capital
mobility. The model was parameterized and simulated under the following
assumptions: (1) time preferences are exogenous; (2) there is no adjust-
ment cost in investment; and (3) the labor supply is endogenous. As report-
ed, the simulated model is consistent with the some of the empirical regu-
larities typical of large open economies. There are some main conclusions
to be drawn from the analysis. First, the simulation results show that a posi-
tive productivity shock produces positive correlation between savings and
investment in a deterministic dynamic equilibrium model despite the fact
that there is perfect international capital mobility. This result is consistent
with the previous studies like Obstfeld [1986], Finn [1990] and Mendoza
[1991]. Second, the large economy case shows different results from those
occurring in other studies. For example, Mendoza [1991] suggests that a
small open economy in which capital can be freely accumulated exaggerates
the variability of investment and underestimates its correlation with savings.
He also finds that access to foreign markets permits individuals to separate
savings and investment by allowing them to finance a gap between the two
with external recourses. This study, however, clearly shows that for a large
open economy, correlation between savings and investment is quite high
and the separation of savings and investment does not play a key role in the
performance of the benchmark model. Finally, the economy adjusts cyclical-
ly towards its steady-state because of the endogeneity of the labor supply.
This result is important because elimination of this assumption causes the
economy to adjust monotonically toward its steady-state. In an unpublished
paper, I found that with the exogenous labor supply the economy adjust
monotonically toward its steady-state.
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Appendix C

Equation (16) of the text reproduced here reads

k) — kf'(R) k) — kef'(R), f' ke s1); p+f' (k) — kof (K, (ki) P
—{c'[fk) = kf'(R), [ (ky); pl + M fk) — ko f (k) f'(.1); P}
=k [fRes) = ki f ki), [ /(R0 p+ Flir) — Kt [/l 1), /(K 12)5 pl

By linearizing this equation, we get

@w, /9k) Ly (k, — k) + w,(OL,/dw) (Ow, /ky) (k; — k) + w(IL,/07,,1) Cky sy — k)
+ (0w,/ k) Ly(k,— k) +w,QL, /0w, k; — k) + w,QL/O7,,1) (kpy — k) —
Dct/ow) (k,— k) — (Dc/Ir,.) (yuy — k) — (Oc}/Ow) Qw,/Oky) (ky — k) —
(DY dr, .)) (Ow,/ok) (kyoy — k) — Ly + L) (yyy — k) — k(IL,/ owy) (Ow,/ k)
(kyss — &) — k(OLe/O,1) (1) Oy 1) (Ry o — B) — R(IL,/ Owy) (Owy/ Oky) (ki sy
— k) = kOL/(97,.1) (i1 Iy 1) oy g k)

Solution to this equation yields:
a,(b,— k) + ay(kpy — k) + a3y — k) +a,=0

By using standard methods, we find the eigenvalues:
A =-1.14223,
Ay =—0.31643.

Since the absolute value of one eigenvalue (1,) exceeds 1, the element of
the eigenvector corresponding to that eigenvalue is set equal to zero to pre-

vent explosive paths.





