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The Dynamic Rybczynski Theorem and Its Dual
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Abstract

In the context of capital accumulation, it is shown that there exists a dynamic
version of the Rybczynski Theorem, and of the Stolper-Samuelson Theorem. If, in
addition, the investment good is labour intensive, then a dynamic reciprocity
relation is also obtained. In the case where the investment good is capital intensive,
only a weak form of duality between the two theorems can be established. The
paper makes use of the dynamic envelope results of Caputo, and of Lafrance and

Barney.

l. Introduction

A central result in trade theory is the Rybczynski Theorem, which states that if an
economy produces two goods using two factors of production (say capital and
labour), under neoclassical technology with constant returns to scale, then an
increase in its endowment of capital will result in an expansion of the output of the
capital intensive good and a contraction of the output of the labour intensive good,
provided that the price ratio is exogenously given. The dual of this theorem is the
Stolper-Samuelson Theorem, which says an increase in the price of the capital
intensive good will result in an increase in the rental rate and a decrease in the wage
rate. The duality is most striking since for marginal changes the magnitude of the
Rybczynski effect is exactly equal to that of the Stolper-Samuelson effect:

OX 1 9K =dr/ dp
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where r is the rental rate, K is the economy’s stock of capital, X is the output of the
capital intensive good, and p is its price. The above equation was one of Samuelson’s
famous reciprocity relations. (See Samuelson [1953-54].)

The purpose of this paper is to determined the extent to which the duality
between the Rybczynski effect and the Stolper-Samuelson effect can be generalised
to dynamic models. The idea of a dynamic Rybczynski Theorem has been explored
by Kemp and Long [1979, 1982, 1984] in the context of an economy using an
exhaustible resource and labour to produce two goods. The present paper does not
deal with exhaustible resources; if focuses instead on the dynamics of capital
accumulation, and on the duality results. Its main findings are that there exists a
dynamic version of the Rybczynski Theorem, and of the Stolper-Samuelson Theo-
rem, that a strong form of duality obtains if the investment good is labour intensive
(a dynamic reciprocity relation can be proved in this case), and that in the case
where the investment good is capital intensive then only a weak form of duality
exists. The dynamics of trade and capital accumulation has been carefully studied
by Oniki and Uzawa [1965], and Manning [1980]. However neither paper ad-
dressed the issues raised in this paper.

This paper makes use of the dynamic envelope results of Caputo [1990] and
LaFrance and Barney [1991], as well as some useful properties of value functions,
as expounded in Leonard and Long [1992].

Il. The Model

Consider a small open economy producing two goods using capital and labour.
The labour force is constant and is normalised at unity. Let X and Y denote respec-
tively the output of the capital intensive good and that of the labour intensive good.
Let p be the international price of X in terms of Y. It is assumed that p is time-in-
variant.!

Assume for the moment that the consumption good is capital intensive, and the
capital good is labour intensive. This is in keeping with the standard descriptive

1. This assumption is made to simplify the analysis. A more general parametrization of the price
path would not affect the essential results. In fact Caputo [1992] has shown that the qualitative
properties of comparative dynamic results with time independent parameters are identical to
those with time dependent parameters, provided that each of these parameters is perturbed
independently by a parallel displacement.
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growth models (see Burmeister and Dobell [1970], for example). Let K denote the
country’s stock of capital, and 7 the rate of investment. Assume for simplicity that
there is no depreciation.” Then

dK/dt=1 (1

Total capital expenditure at any time consists of / and installation costs, denoted by
g(I). We take it that g(/) is a strictly convex function, and

£(0)=0, g(1)>0 for7#0, g'(0)=0. (2)

The world rate of interest is i, which we suppose to be time-invariant and exog-
enously given to the home country. The intertemporal budget constraint for our
small open economy is

[exp(=ity{pC+ I+ g(D)}dr = exp(=it)(pX +¥}dr 3)

where C denotes the consumption expenditure. The left-hand side of equation (3) is
the present value of the streams of consumption and investment expenditures and
the right-hand side is the present value of the stream of gross domestic product. It is
convenient to re-write (3) as

[ exp(=ir)pCat = exp(=it)(pX +Y - 1 - g(1)}dr 4)

Let <C(t)> denote an entire time path of consumption. We assume that the
country wants to maximize a welfare functional U{< C(r) >}, which is increasing in
C. Since the international price path and the interest rate are both exogenously
given, production and consumption decisions are separable, i.e. the Fisher separa-
tion theorem applies. It follows that we can study the time paths of production and
capital accumulation without specifying the utility functional. We focus therefore
on the problem of maximizing the present value of the stream of net output, subject
to the initial condition

K(0)=K, )

2. Adding depreciation would not change the result. Of course net rental (gross rental minus
depreciation) rather than gross rental would be equated to the interest rate in a steady state.
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and the production possibility function
G(X,Y,K)=0,X20, Y=0, (6)

where labour has been omitted, since the labour force is a constant.
Our problem can therefore be stated as that of finding (X, Y, I) that solve

V(p.K,)=max [exp(=it){pX +Y — I - g(I)}dr (7)

subject to (1), (5) and (6).

Since X and Y do not appear in the transition equation (1), and / does not appear
in the constraint (6), we can solve problem (7) in two steps. First, for given K, we
choose X and Y to maximize pX+Y subject to (6), thus obtaining the National In-
come function N(p,K). In the second step, we substitute N(p,K) into (7) and then
optimize with respect to I.

For given K and p, the National Income function (see Woodland [1982, pp.58-
59]) is defined as follows:

N(p.K)=max pX +Y (8)

subject to

G(X,Y,K)=0,X20, Y20.

Let F(K) [respectively F,(K)] be the output of X [respectively Y] if the country
completely specializes in the production of that good. Applying the envelope
theorem to (8), it is seen that the function N(p,K) has the following properties:

ON !/ dp=X(p,K) ©
oN | IK = A(p,K)G(X(p,K),Y(p,K),K)=r(p,K) (10)

where r is interpreted as the rental rate in terms of the numeraire good and A is the
optimal value of the Lagrange multiplier for problem (8). It is known that there
exist two critical values K(p) and K( p) such that

N(p,K)=pX = pF(K) if K>K(p) (11)
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N(p,K)=Y = F(K) if K<K(p) (12)

N(p.K)=pLF[K(p)l+(1- L)FIK(p)if K(p)<K<K(p)  (13)
where L, is defined by
LK(p)+(1-L)K(p)=K. (14)

The function N(p,K) is illustrated in Figure 1. For K in the interval [K,K], the
function is linear, with slope S*, where
"= pF'[K(p)l= F'[K(p)] (15)

The critical values K and K are both decreasing functions of p, as illustrated in
Figure 2. These properties are useful for our derivation of the dynamic Rybczynski
theorem.

For later reference, we state the following lemma.
Lemma I: N, 20, with strict inequality of X is positive.
Proof: From (9),

N,= dX /K. (16)

PK
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Since good X is capital intensive, the static Rybczynski theorem implies that if X
is positive an increase in K will lead to an increase in X. If X is initially zero, then a
marginal increase in K has no effect on X. This complete the proof.

In that follows, in order to ensure that in a steady state the capital stock is
positive and finite, we impose the conditions

F'(0)>i (17)
pF,' () <. (18)

We can now redefine the value function V(p,K,) as follows

V(p,K,)=Max [ exp(~in){N(p,K) - 1 - g(I)}dr (19)
subject to

dK/dt=1 (20)
and

K(0)=K, Q1)

The current-value Hamiltonian associated with problem (19) is
H=N(p,K)-1-g()+ql (22)

where g is the co-state variable, or the current value shadow price of capital. The
necessary conditions are (20), (21) and

g-1-g'(N=0 (23)
dq/dt=ig— N/ 9K (24)

Since our assumptions (17) and (18) ensure that a steady state K’exists, we can state
the boundary condition

limK(1)=K". (25)

—boo

It is clear that (25) implies that for all finite g(z),

lim g(1)K (1) exp(=ir) = 0 (26)
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Using the usual phase diagram analysis, it can be shown that if F,'(K(p))<i, then
the steady state capital stock is K,, defined by

F'(K,))=i (27)

and at the steady state, the country specializes in the labour intensive good. In the

case where pF '(K(p))> i, the steady state capital stock is K, defined by

PE'(K))=i (28)

and the steady state production is specialized in the capital intensive good. Finally,
in the remaining case, with

F'(K(p))=i= pF,'(K(p)) (29)

there is a continuum of steady states. Figures 3, 4 and 5 are the phase diagrams for
the three cases. In Figures 3 and 4 the unique steady state has the saddlepoint

q
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property, and starting at any initial capital stock K, >0, the system converges to the
steady state. In Figure 5, if K, < K(p) then capital will be accumulated and K(p) is

approached asymptotically; if K > K(p) then the capital stock will be run down

toward K(p); and if K(p) 2 K, = K(p), then the system will remain there.
We are now ready to prove a dynamic version of the Rybczynski theorem.

lil. A Dynamic Rybczynski Theorem

The static version of the Rybczynski Theorem assumes incomplete specialisation.
In view of equation (29) and the ensuing discussion, if a country starts at a steady
state with diversification, a small increase in its capital stock will immediately
bring the country to a new steady state, adjacent to the old one, with complete
diversification and the results of the static Rybczynski Theorem apply without
modification. We now consider more interesting cases.

Suppose that F,'(K(p))<i, so that the steady state production is completely
specialized in the labour intensive good. Let K, > K(p), so that production is di-
versified over some time interval along the optimal path to the steady state. In this
case an increase in K, will result in an increase in the output of the capital intensive
good at each point in time when it is produced, and a decrease in the output of the
labour intensive good at each point in time. To prove this, we first note that if the
initial stock is K, > K,, then the optimal path is K™ (#) > K" (¢) for all #, except at the
steady state. The static Rybczynski theorem, referred to in the introduction and in
the proof of Lemma 1, then implies that at all points of time where both goods are
produced, the output of X will be higher and, that of ¥ lower, along the path K™ (1),
as compared with path K™ (z).

Consider next the case where pﬁ'(l_(( p))>1i, so the steady state production is
completely specialized in the capital intensive good. Let K, < K(p), so that along
the optimal path there is a phase with diversification. A similar argument applies,
and one can see that at each point of time where X is positive, more of it is produced
along K™ (t), as compared with along K'(7). If K, < K(p) then it is not true that
less of the labour intensive good is produced at each point of time.

We can now state our first proposition.

Proposition 1: (A dynamic Rybczynski Theorem): An increase in the initial endow-
ment of capital will expand the output of the capital intensive good at each point of
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time when it is produced; the output of the labour intensive good will be reduced at
each point of time, provided that the initial capital stock is not in the range of
complete specialization in that good.

Let us now define The Rybczynski Effect as the response of the cumulative dis-
counted output of the capital intensive good to an increase in the initial endowment
of capital. Formally, let

X, = [exp(=in)X(1)dr (30)
The Rybczynski effect is defined as
R=0X./19K,>0 (31

where R is positive by virtue of Proposition 1.

Consider the value function V(p, K, ) defined by (19). Using the dynamic enve-
lope theorem of Caputo, LaFrance and Barney, we can calculate the partial deriva-
tive of V with respect to p:

9V 1 Ip = [exp(=it)(ON / dp)dt (32)
Combining (32) and (9):
oV /dp= J’n’l'exp(—f: )X(1)dt =X, (33)

From (31) and (33), the Rybczynski effect is the second cross partial derivative of
the value function:

R - vl"ku (34)

The result will prove useful in establishing the duality between the Rybczynski
Theorem and the Stolper-Samuelson Theorem.
It should be noted that one can prove the positivity of R directly from (34):

Vi, = J:exp(—ir)[aX 1 9K" (1)) [OK" (1) IK, dt (35)

where dX/dK'(t) is positive for K'(t)> K(p) and zero for K'(t)< K(p), and
dK'(t)/ IK  is positive.
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The result conveyed by (34) and (35) may be regarded as a corollary to Proposi-
tion 1:
Corollary 1: An increase in the initial capital stock leads to an increase in the

cumulated discounted output of the capital intensive good.

IV. A Dynamic Stolper-Samuelson Theorem

Consider now the effect of an increase in the price of the capital intensive good.
First note that from (10), (23), (24) and g'(0)=0, in a steady state the real rental
rate must equal the rate of interest i. We also know that if a country produces both
goods at some time ¢, then the rental rate at that time is uniquely determined by the
intersection of the two isocost curves p =C,(w,r) and 1 =C,(w,r). It follows that
given the rate of interest i, there exists for each small open economy j a unique
relative price p(j) which gives rise to a steady state with diversification for that
country. (We do not assume that all countries have the same production functions.)
Given the interest rate i, if a country diversifies in a steady state, a change in p will
create a new steady state for that country, with specialization.

It follows from the observations made in the preceding paragraph and from
Lemma | and other properties of the National Income function N(p, K) that start-
ing from any steady state with a positive output of good X, an increase in its price p
will lead to a larger steady state capital stock. The steady state rental rate remains
constant, however. The proofs of these results in the case of complete specialisation
are instructive. Note that in the steady state ¢* =1, so K = K'(p,i) must satisfy

N, (p,K)-i=0
Applying the implicit function theorem to the above equation, we have
JK' | dp=~Ny,/ N,

With N,, <0 and N,, >0 by Lemma 1, the above derivative is positive. As for the
rental rate, we have in the steady state

rs(P-f)= N&(P’KJ(PJ))
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and thus the derivative of r’ with respect to p is
or' 1 dp=Ny,+ Ny (K" 1 dp)= Ny, = N (N, I Ny ) =0

The above equation resembles a Slutsky-like expression.” The first term is the short
run impact of the price change on the rental rate, holding the capital stock fixed, and
the second term is the indirect effect of p on r by allowing the capital stock to ad-
just. The sum of these effects is zero. What about the discounted stream of rental
earned by a unit of capital?

From (10) and (24):

dqldi—iqg=-r (36)
Integrating (36), and using the transversality condition (25), we have
9(0) = [exp(-in)r(t)ds (37)

The right-hand side of (37) is the present value of the stream of rental earned by a
unit of capital. Therefore we can define the Stolper-Samuelson effect as:

S=0q(0)/ dp (38)
We know from the properties of value functions of optimal control problems that
q(0)=09V /K, (39)
It follows that
S=V,,=V, =R>0 (40)

We can thus state our second proposition:

Proposition 2: (A dynamic Stolper-Samuelson Theorem): An increase in the price
of the capital intensive good will increase the present value of the stream of rental
earned by a unit of capital. In addition the following reciprocity relation holds

S=R (41)

3. 1am indebted to a referee for pointing this out, and for offering the above proof.
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V. The Case of Capital Intensive Investment Goods

So far we have assumed that the investment good is labour intensive. We now
turn to the opposite case. Equations (3), (4), (7), (19) and (22) must be modified:
instead of /+ g(I) we now have pI+ g(l). Equation (23) becomes

g-p-¢gU)=0 (43)

and in a steady state we have r/ p=i. Equations (32) — (35) are no longer valid.
They must be replaced by

V1 dp= [ exp(~in){(ON / Ip)—I)d (32)
9V 1 Ip= [ exp(=i)(X —I}dt (33)
R=V,,, +|. exp(=it) [(9I/ 9K") [OK" | IK,] dt (34)
Vi, = |, exp(=ir) ((9X / OK")~ (9l | OK")IK" | 9K, ) dt (35

It remains true that R is positive, since Proposition 1 was proved without using (32)
—(35). The integral expression in (35') is negative because

(1) IK' (1) =(3I(t) ] Ig" (1)}{dq" (1) ! IK" (1)} (43)

and AI(t)/ dq' () is negative from (23), and dg" (t)/ IK'(r) is non-positive be-
cause the stable branch of the saddlepoint is downward sloping.
Since the Stolper-Samuelson effect, S, is equal to V, = we have

Kop
S>R>0 (44)

To summarize, if the investment good is capital intensive then Propositions 1 and
2 remain valid, except the reciprocity relation (41) no longer holds and must be
replaced by the inequality (44).

IV. Conclusion

We have been able to obtain a dynamic version of the Rybczynski Theorem and
of the Stolper-Samuelson Theorem. We also showed that the reciprocity relation
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holds if the investment good is labour intensive.

Within the static framework, both theorems have been generalized to the case of
many goods and factors. (See Chang, Ethier, and Kemp [1980], Kemp and Wegge
[1969], Ethier [1984], Jones et. al. [1990].) The possibility of extending these gen-
eralizations to dynamic models remains an open question.
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