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Abstract

This paper presents a growth model of a small open economy with economic
geography. The economy has three - industrial, services and housing - sectors.
The economy is located along a line segment and land is for residential use. The
model synthesizes the four well-known models in neoclassical growth theory and
urban economics - the Solow growth model, Uzawa's two-sector model, the
Alonso urban model, and the Muth housing model - in the context of a small open
economy. We analyze the dynamics of a spatial economy and simulate the model
over time and space. We show how changes in some parameters, such as the rate
of interest and domestic preference, can affect economic structures and land use of
the small economy. For instance, the simulation results show that as the rate of
interest is increased in the global market, the domestic wage rate, the output levels
per worker of the industrial and service sectors, the capital intensities of the three
sectors, the capital employed by the three sectors, the national output are reduced,
the price of services, the consumption levels of goods, services and housing, the
wealth per capita are increased. The labor employment of the industrial sector is
reduced and the labor employment of service sector is increased. The housing rent
is increased and the land rent is reduced due to the rise in the rate of interest.
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1. Introduction

There are close interactions between economic development and economic
geography. Economic growth, for instance, encourages demand for housing and
affects prices and availability of land for housing. On the other hand, changes in
the housing market will affect economic growth. For instance, as demand for
housing is increased, demands for different services and goods and prices for
different services and goods will be affected. Nevertheless, there are few economic
models which deal with the interdependence with micro-behavioral foundation,
though the study of the economic growth with housing and economic geography
has increasingly caused attention in urban economics and regional science. Yet,
urban economics has not succeeded in explaining spatial evolution and growth
with capital accumulation. As pointed out by Baldwin and Martin (2004: 2675-6),
“Many of the most popular economic geography models focus on labor. ... These
are unsuited to the study of growth.” Capital accumulation is seldom modeled with
land use pattern and land markets in the literature of urban economics. Fujita and
Thisse (2002: 389) state the current situations of spatial economic growth as
follows: “Clearly, space and time are intrinsically mixed in the process of
economic development. However, the study of their interaction is a formidable
task. ... Not surprisingly, therefore, the field is still in its infancy, and relevant
contributions have been few.” This study attempts to make a contribution to
solving the long standing puzzle of modeling economic growth with space by
developing an economic growth model with economic geography, basing on the
four key models in the neoclassical growth theory and new urban economics
within the context of growth theory of small open economies. The four models are
the Solow growth model and Uzawa two-sector growth model in the neoclassical
growth theory and the Alonso urban model and Muth housing model in the new

'As reviewed by Zhang (2008a), there are many spatial models built on microeconomic foundation in the
recent literature of the new economic geography. However, almost all these models are static and neglect
capital accumulation. We refer the comprehensive surveys on the literature to Leung (2004), Henderson
and Thisse (2004) and Capello and Nijkamp (2004) for the literature of the new economic geography.
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urban economics.

Most of the models in the neoclassical growth theory model are extensions and
generalizations of the pioneering works of Solow. The model has played an
important role in the development of economic growth theory by using the
neoclassical production function and neoclassical production theory. The Solow
model has been extended and generalized in numerous directions. An important
extension was initiated by Uzawa (1961), who made an extension of Solow’s one-
sector economy by a breakdown of the productive system into two sectors using
capital and labor, one of which produces industrial goods, the other consumption
goods. Solow’s one-sector growth model, Uzawa’s two-sector growth model, and
their various extensions and generalizations are fundamental for the development
of new economic growth theories as well.? But all these studies do not have spatial
dimension. The neoclassical growth theory has not bee extended to spatial
economics. It should be noted that there are many economic models which deal
with growth and capital accumulation within the analytical framework of small
open economies.’ Nevertheless, this analytical framework has not been extended to
spatial economics with land use and housing market. As argued by Lucas (1988), it
is necessary to analyze urban configuration and economic growth as a connected
whole. Partial equilibrium models fail to explain interactions among various
sectors of economic activities over time and space. Although some attempts have
been to apply neoclassical growth theory to address urban growth issues, these
models do not take account of land and housing markets.* It is obvious that an
urban growth theory should take account of land and housing markets and
economic geography.

Numerous contributions to urban economics have followed the equilibrium
theory of urban land market pioneered by Alonso (1964). This approach has been
extended in many directions. The earlier important contributions are made by Muth
(1969), Mills (1967), Beckmann (1969), Solow (1973), and others. There are many
contributions in the literature in the last two decades. However, most of the urban
land-use models concentrate on the residential location and urban structure and
neglect production aspects of urban dynamics. As most of these models are static,

2See, for instance, Diamond (1965), Stiglitz (1967), Benhabib ez al (2000), Drugeon and Venditti (2001).
3Refer to, for instance, Obstfeld and Rogoff (1996), Lane (2001), Kollmann (2001, 2002), Benigno and
Benigno (2003), and Gali and Monacelli (2005), for the literature on economics of open economies.
“Extending neoclassical growth theory to spatial economics is made by, for instance, Richardson (1977),

Rabenau (1979), Henderson (1985), and Henderson et al (1995).
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they fail to take account of saving behavior and effects of wealth accumulation on
economic geography. Another important issue in urban economics is housing
market and its dynamics. A proper analysis of housing market requires an explicit
treatment of space. Housing is the largest component of nonhuman wealth for
households and housing services are a fundamental component of the household
consumption. Housing is closely related to the rest of economy. For instance, in the
United States, real estate investment account for over 50 % of total private
investment and real estate assets represent just under 60% of the nation’s wealth.
Almost 70% of U.S. real estate is residential.” Housing has a set of intrinsic
properties, which make it significantly from any other goods. In the last three
decades, many studies have been carried out to analyze durable housing in spatial
context.’ Nevertheless, as argued by Brito and Pereira (2002), the link between the
housing market and long-term growth has been neglected in the literature. It is
important to develop a growth model with housing market on microeconomic
foundation.

This study is to explain spatial economic dynamics with interdependence of
goods production, the residential land use pattern, wealth accumulation, housing
rent, land rent over time and space, basing on the neoclassical growth theory and
new urban economics. The economic principles of the two separated analytical
frameworks in the growth theory and urban economics will be integrated into a
compact theoretical framework through an alternative utility function proposed by
Zhang (2005). The paper is a synthesis of the small-open economic growth model
and the urban model proposed by Zhang (1994, 2007). Zhang (1994) proposed a
spatial model of a closed national economy. The economy is not affected by global
markets and the urban structure is simpler than this model. The previous study is
only concerned with steady states, while this model explicitly analyzes the
dynamics and simulates the model to illustrate how the system moves over time
and space. This paper differs from Zhang (2007) in that the previous study studies
an interregional open economy but with only one production sector, while this
model examines the economic dynamics with three production sectors.

The paper is organized as follows. Section II defines the basic model. Section III
shows how we solve the dynamics with economic geography and examine how
some variables change over space. Section IV examines the equilibrium of the

3see, DiPasquale and Wheaton (1996).
SRefer to, for instance, Muth (1973), Anas (1978), Hockman and Pines (1980), Brueckner (1981), Arnott
(1987), Brueckner and Pereira (1994), Arnott et al. (1999), and Braid (2001).
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spatial economy when the production functions of the industrial and services
sectors are specified in the Cobb-Douglas form. Section V simulates the motion of
the system with the Cobb-Douglas functions. Section VI examines effects of
changes in some parameters on the economic geography over time. Section VII
concludes the study. The appendix proves the main results in Section III.

I1. The Model

This section defines a small open spatial growth model with capital
accumulation and residential location. The model is a combination of the basic
features of the four key models, the Solow growth model, the Uzawa two-sector
growth model, the Alonso urban model, and the Muth housing model in the
neoclassical growth theory, urban economics in the context of a small open
economy. An open economy can import goods and services and borrow resources
from the rest of the world or exports goods and services and lend resources abroad.
There is a single good, called industrial good, in the world economy and the price
of the industrial good is unity.” We assume that the economy is too small to affect
the world interest rate. The households hold wealth and land and receive income
from wages, land rent, and interest payments of wealth. Land is only for residential
use. Technologies of all the production sectors are characterized of constant returns
to scale. All markets are perfectly competitive and capital and labor are completely
mobile among the domestic sectors. Capital is perfectly mobile in international
market and we neglect possibility of emigration or/and immigration.

The economy has three — industrial, services, and housing — sectors.® The
industrial sector produces industrial goods, which are freely traded in international
market. It is a capital commodity used both for investment and consumption. The
services sector produces services, which is used only for domestic consumption.
The housing sector provides location-dependent housing services and can be

7 An important extension of the neoclassical model is to introduce money and exchange rate to the model.
For the literature of a small open economy with money, see, for instance, Obstfeld and Rogoff (1996),
and Gali and Monacelli (2005). Zhang (2008b) extensively examines different monetary growth models.
It should be noted that Zhang (2008b) also applies the utility function accepted in this study to develop
a comprehensive monetary growth theory mainly for national economies.

8The classification of the economic sectors is similar to that in a growth model of a small open economy
by Brock (1988), in which goods and services are divided into traded and non-traded. Brock examines
the dynamic adjustment of the relative price of non-traded and the current account following exogenous
shocks, such as government purchases, changes in tax income or investment subsidy.
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consumed domestically. As far as urban structures are concerned, we follow the
standard residential land-use model. The basic features of this model are that a city
state is built on a flat featureless plain. All residents in the economy work in the
CBD. People travel only between their homes and the CBD. Travel is equally
costly in terms of time or/and money in all directions. An individual may reside at
only one location. The only spatial characteristic of any location that directly
matters is the distance from the CBD. The population is homogenous. The
households achieve the same utility level regardless of where they locate. All the
markets are perfectly competitive. The system is geographically linear and consists
of two parts - the CBD and the residential area. The economy consists of a finite
strip (of fixed length, L) of land extending from the CBD with constant unit width.
We assume that the industrial and service sectors are concentrated in the CBD. The
households occupy the residential area. We assume that the CBD is located at the
left-side end of the linear territory, as illustrated in Figure 1, where ® denotes the
distance from the CBD to a point in the residential area. As we will get the same
conclusions if we locate the CBD at the center of the linear system, the specified
urban configuration will not affect our discussion.

We assume that labor force, &, is homogeneous and is fixed. There is only one
malleable industrial goods, which can be used as an input in three sectors in the
economy. Capital depreciates at a constant exponential rate, d;, which is
independent of the manner of use. In addition to the industrial and service sectors,
indexed respectively by 7 and s, we introduce housing sector to the growth model.
The housing production is similar to that in the Muth model. We assume that the
total labor force is fully employed by the capital and service sectors. We select
industrial goods to serve as numeraire.

Figure 1. The Spatial Configuration
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The industrial and service sectors use a single grade of labor and a single type of
capital good. Both sectors use neoclassical technology with the standard Inada
conditions. The production functions are given by F(K(7), N(¥)), where Fi(?) is the
output level of sector j and N(¥) and are respectively the capital stocks and labor
force employed by sector j, j =i, s. We have

m0=ﬂww»,ﬁmsﬁ%}Axnsﬁg}jzgs

The function, f}, has the following properties: (i) f(0)= 0; (ii) f; is increasing,
strictly concave on R" and C* on R™"; f;'(k;)>0 and /" (k) <0 and (iii)
lim, ,, f'(k;) = o and lim, _, ., f/(k;) = 0 Markets are competitive; thus
labor and capital earn their marginal products, and firms earn zero profits. The
price of services is denoted by p(#). The rate of interest, »°, is fixed in international
market. The wage rate, w(), is determined in domestic market. Hence, for any
individual firm, " and w(f) are given at any point of time. The production sectors
choose the two variables, k() and N(f) to maximize the profits. The marginal
conditions are

P8 =fiky) = pfi(k), w(t) = fi(k:) = kfi(k) = plfitk) —k S (k)] (1)

As 1’ is fixed, from "+ 8, =f; and w = f; — k;f; we obtain that both k,(7) and w(7)
are functions of 7" as

ki = g(r'), w=h(r) )

It is straightforward to show dg,/dr’ = 1/f'<0 and dh/dr" = —g,<0.
From " + &, = pf, and w = p(f.— k.f.), we have f./f,— k.= h/(r + &,). From
this equation, we also solve k, as a function of r*, denoted by k, = g,(+ ). Take
derivatives of the above equation with regard to r

fS_];sd_ki - - 8i : h >0
fY dr r + 5]{ (I" + 5/()
As f.f/f.*< 0, we conclude dk,/dr" <0. From r" + & = pf,, we obtain

dp _ 1 (r'+3)fdk, _1 g h
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The total capital stocks, k(7) is used by the three domestic sectors. The capital
stock is owned either by domestic residents and the rest of the world. As full
employment of labor and capital is assumed, we have

Ki(t)+ K,(t) +K,(t) = K(t), N(t)+N,(t)=N,

where K,(f) is the capital stocks employed by the housing sector. We rewrite the
above equations as

Ni(t)k; + N()k, + K, (t) = K(t), N,(t)+NJ(t)=N, 3)

where we use K; = k;N;. We now describe housing production and behavior of
households.

We assume that all housing is residential. The housing industry supplies housing
services by combining land and capital. Let us denote c,(w,f) housing service
received by the household at location w. We specify the housing service production
function as follows

ch(a)a t) = Ahkzh(a)a I)th(a)a t)a oy + ﬂh = 1, Ahaahaﬂh 2 0 s (4)

where k(@) is the input level of capital per household and L,( ) is the lot size of
the household at location @.” It is assumed that the capital-land ratio is always
perfectly adjusted.'” Let R(w,f) and R,(@ 1) stand for, respectively, the land rent and
housing rent at location @. The marginal conditions for the housing sector are
given by

I S T S LT D) )

kh Lh
We have n(w,f) = 1/Li(@f), 0 < o < L, where n(,?) is the residential density at
location @. The total capital stocks employed by the housing sector is equal to the
sum of the capital stocks for housing over space at any point of time. The
relationship between k,(®,t) and K,(¢t) is thus given by
K, (1) = J;h(a), k,(o, t)do Each worker may get income from land ownership,

°This equation means that housing demand and supply are equal at any location and at any point of time.

"°Our approach is mainly based on Anas (1978). Issues related to durability of real estates and its costly
conversion and replacements are also discussed by Anas. See also Arnott (1980), Arnott et al. (1999)
and Glaeser and Gyourko (2005) for introducing some realistic aspects of housing market to the growth
model. The recent literature is referred to Zabel (2004) and Lin et a/ (2004).
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wealth and wage. To simplify the model, we assume the land is equally owned by
the population. This implies that the revenue from land is equally shared among
the population. The total land revenue, R(7) is given by R(7) = J’; R(w,t)dw. The
income from land per household, (7) is given by () = R(¢)/N The consumer at @
makes decisions on choice of lot size, consumption levels of industrial goods and
services as well as on how much to save. This study uses the approach to
consumers’ behavior proposed by Zhang in the early 1990s. The implications of
this approach are similar to those in the Keynesian consumption function and
models based on the permanent income hypothesis, which are empirically much
more valid than the approaches in the Solow model or in Ramsey model. The
approach to household behavior in this study is discussed at length by Zhang
(2005, 2008a, 2008b). Let k(w,t) stand for the per capita wealth (excluding land)
owned by the typical household in location @. The household at @ obtains income

y(o,t)=rk(o,t)+w+i{), 0<w<L, (6)

from the interest payment, 7 'k, and the wage payment, w and the land rent income,
r. We call y(w7) the current income in the sense that it comes from consumers’
wages and current earnings from ownership of wealth. The disposable income at
any point of time is then equal to

(o, 1) =y(o, ) +k(a,1) (7)

The disposable income is used for saving and consumption.

At each point of time, a consumer at location @ distributes the total available
budget among the leisure time, 7;(®), housing, c,(@,t), consumption of services,
¢s(m,t), consumption of industrial goods, c(@.t), and saving, s(w,?), Here, we
assume that the leisure is only dependent on the residential location as the work
time is fixed and equal for each household, in disregard of residential location.
After the work time is decided, the households decide the time distribution
between leisure and traveling to work. As we assume that the travel time from the
CBD to the residential location is only related to the distance and neglect any other
effects such on technological change, infrastructure improvement, and congestion
on the travel time form the CBD to the residential area, the leisure time, which is
equal to the fixed total time minus the travel time, is only related to location. Let 7,
and /{w) respectively stand for the total available time for travel and leisure and
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the time spent on traveling between the residence and CBD. We have 7)(w) = Ty—
I{w). The budget constraint is given by

Rh(a)a t)ch(a)a t)+pcs(a)7 t) +ci(a)9 t) +S((0, t) zj;(a)n t) (8)

Equation (8) means that the consumption and saving exhaust the consumers’
disposable personal income.

Location choice is closely related to the existence and quality of physical
environmental attributes such as open space and noise pollution as well as social
environmental quality. We assume that utility level, U(@f), of the household at
location @ is dependent on 7) (@), ci(@1), c(@t), c{mt) and s(wt) as follows

Ulo,t) = 8(o, )T ()i, (o, i (o, )s" (o, 1),
nty+é+i1=1, onyné&A>0,

in which o, 7, 7, &, and A are a typical person’s elasticity of utility with regard to
leisure time, housing, services, industrial goods, and saving at w. We call g, 7, 3, &,
and A propensities to use leisure time, to consume housing, to consume services, to
consume industrial goods, and to hold wealth, respectively. We specify the
amenity, A w?), at @ as follows: & w, 1) = O,n"(w, t), 6, > 0. The function, & @)
implies that the amenity level at location @ is related to the residential density at
the location. For simplicity, we restrict the analysis to the case that all households
obtain the same level of utility at any point of time, that is, U(w,f) = U(w>,1),
0< o, o»n <L.
Maximizing U(@t) subject to the budget constraint (7) yields

e(o, 1) = Zﬁ—a“jg (0. = 2D e (0,1) = Gl 0500 = (1) O)

The above equations mean that the housing consumption, consumption of services
and saving are positively proportional to the available income.

According to the definition of s(@7), the wealth accumulation for the household
at location @ is given by

Ko, t)=s(o,t)—k(o,t), 0Sw<L (10)

The total population is distributed over the whole urban area, that is
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Ién(co, t)dow = N. The total consumption of services, C(¢), is given by
C(t)= Jzn(a), t)c,(w, t)dw. The balance of demand and supply in services
market is given by Cy(¢) = F(f). The national wealth, K(?), (excluding the land) is
equal to the sum of the wealth owned by all the households, that is
K(1) = JZ k(w, )n(w, t)dw . The total consumption, C(7), and the national saving,
S(1), are
L L
Ci(r) = In(a), He(w,y)ydo, S(t) = J's(a), Hn(w, t)dw (11)
0 0
We introduce B(¢) as the value of the economy’s net foreign assets at ¢ The
income from the net foreign assets, which may be either positive, zero, or negative,
is given by 7" B(f). The national industrial output is equal to the national net saving,
that is

S(t)+Ci(t)—K(t)—r*B(t)+8kK(t) = Fi(1) (12)

It should be noted that K(#) is the national wealth and K(?) is the total capital stocks
employed by the economy. They may not equal as the economy is open.

We now explain trade balance in the model. In the rest of the paper, we omit @
or/and ¢ in expressions, wherever without causing confusion. According to the
definitions of the national wealth, the capital stocks employed by the economy and
the net foreign assets, we have K(#) = K(t)+B(t). Multiplying the two sides of
equation (6) and then integrating the resulted equation from 0 to L with regard to
o, we have Y(t) = r'K+wN+R, where Y(t) is the national current income
given by Y(7) = .fOLy(a), Hn(w, t)do. Substituting K=K, +K,+K,+B into
Y(t) = r'K+wN+R yields

Y= (r'Ki+wN)+(r K+ wN) +r' K+ R+ E (13)
in which we use N;+N; = N and E(t) =r+*B. From equations (1), we have

r'K,+wN,=F,— 5K, rK,+wN=pF,— 5K, (14)

By equations (5), we have

(' +8) [l @)n(@)do = a, [Ry(@)e(@)n(w)do, (15)

0
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L L

IR(a))da) = ﬂhIRh(w)ch(m)n(w)dw (16)

Adding equations (15) and (16) yields
L
(" + 8)Ky + R = Fy = [Ry(@)ey(@)n(@)do (17
0

The variable, F(?) is the national output of the housing sector. Substituting
equations (14) and (17) into equation (13) yields Y = F-6,K+E, where
F(t) = Fi+pF+F), is the national output. The current income of the households is
equal to the sum of the economy’s net output, F'—K, and the country’s interest
earned on foreign assets, »'B. The gross national product (GNP) is measured as the
sum of the value of the net output produced within its borders and net international
factor payments. The GNP is given by F+E. The output produced within the
country’s geographical borders is called gross domestic product (GDP), The GDP
is given by F. A country’s current balance at time ¢ is the change in the value of its
net claims over the rest of the world — the change in its net foreign assets. If
B(t) > 0, the economy as a whole is lending (in this case we say that the current
account balance is in surplus); if B(#) < 0, the economy as a whole is borrowing
(the current account balance is in deficit); and if B(¢) = 0, the economy as a
whole is neither borrowing nor lending (the current account balance is in balance).

We have thus built the dynamic growth model with endogenous spatial
distribution of wealth, consumption and population, capital accumulation and
residential location. It can be shown that equation (12) is redundant in the sense
that it can be derived from the other equations in the system.

II1. The Dynamics of the Spatial Economy

The dynamic system consists of many equations. The following theorem shows
that the dynamics can be expressed by a single differential equation with the
national wealth, K(f).

Theorem 1: For a given rate of interest, 7', the capital intensities, k; and k, the
price of services, p, the wage rate, w, and the per-worker output levels of the
industrial and services sectors, fand f; are uniquely determined as functions of 7.
Assume that the initial distribution of personal wealth is invariant in space, that is
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k(an, 0) = k(w,, 0), for 0<@,, @,<L. The dynamics of the national wealth, K(), is
explicitly solved as follows

N, ~(1-2 N,
0 e( o)t+ 0

1‘<(r)={1‘<(0)—1_K0 T

in which A, and N, are functions of »* defined by
Ao=(1+7)AA, Ny={fi—(r +)k}ALN>0,

1= 1
G AU SOk pf (T SOk pft
At any point of time, all the other variables are determined as unique functions
of K(f) by the following procedure: % (1) by (A6) — K(#) by (AS) > N,(#) and
N{(1) by (A4) = K1) = kiN(0), j = i.s = 3(1) = Y(1)/N = ky(£) by (A12) -
Fi() = Nifi(1), j = i.s = C(1), C(1), K;(¢) and S(¢) by (A2) — n(w) by (A14) and
(A15) = ku(t) by (A14) > Ry(w) by (A13) - Ly(o)=1/n(e) —>
c(o,t) = k:h(t)Lf"(a)) — R(w) by (5) = (¢) by (A7) = c\(1), c(?) and s(7) by
(9) — B()=K(t) - K(f) > E(f) =rB(?).

>0.

From Theorem 1, we conclude that if per capita wealth at the initial time is
independent of location, then we can explicitly solve all the variables as functions
of the preference and technologies over time and space. As we explicitly solved the
model, it is straightforward to determine equilibrium and stability properties of the
spatial model. This theorem is important as it gives a complete description of the
spatial economy. It also explicitly shows how the economic mechanisms in the
Solow and Uzawa neoclassical growth models and the Alonso and Muth urban
models are interrelated. These interrelations between economic growth and spatial
economy cannot be observed in the Solow and Uzawa neoclassical growth models
and the Alonso and Muth urban models.

As proved in the Appendix, if the initial distribution of the wealth is homogenous
over space, then the per-capita wealth, (), and disposable income, y(w), are
homogenous over space. That is k(@,, 1) = k(®,, 1), y(®,, ) = y(,, t). This
implies that all residents receive the same income and own the same amount of
wealth at each point of time. The residential distribution is given by equations
(A14) and (A15). That is
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n(o) _ (Th(ah;)ﬂo, n(0) = m’ 0<w, <L
n(w,) T(w, LJ‘TﬂO(a))da)

where B, = oA np,— u). The residential density is invariant over time. The
conclusion comes from the assumptions that the population is fixed, the land is
equally shared among the residents, there is no congestion, no transportation costs,
no investment in the transportation infrastructure, and no technological change in
transportation systems. If any of these assumptions is relaxed, then n(®) may
become time-dependent.

We now examine changes of the residential density over space. As Tj(@;)/
Tw(@) > 1 if oy < w,, we see that if §y> 0, then n(@,) > n(w@,). The residential
density is higher nearer the CBD. As traveling costs more as the residence is
further away from the CBD, it is reasonable to observe the declination of the
residential density as the distance from the CBD increases. Yet, if £, <0 the
residential density distribution is inverse to the case of £ > 0 in the sense that the
further the residential location is away from the CBD, the higher the density is. To
see why this happens, from the definition of /4 we see that the parameter becomes
negative only when x> nf3,>0. A positive £ means that as the residential density
rises, the local attractiveness is increased. The condition, i > 74,, implies that the
individual welfare is positively strongly affected by, for instance, social interactions
among local people and the propensity to use land is low."" As people highly
evaluate interacting with each other among locals, the urban residential density
becomes higher further away from the CBD. In this study, we limit our
examination to the case of < ng,.

By equation (9) and the condition of equalization of the utility levels, we have
R, (@))/R,(®,) = (n(a)l)/n(a)z))ﬂh. This equation implies that the ratio of
housing rents between any two locations is invariant time. As n(@,) > n(®,), we
see that the housing rent declines as the residential area is further away from the
CBD. By equations (8), we have

cn(@1) _ Ry(®,)
ci(@)  Ry(@y)

c(w) = c(w,), s(wy) = s(w,).

o . . ne, 1By A .
"'Substituting equation (2) into (7), we have U = 6T, ;ka I "L I "s" Hence, we may interpret as

the propensity 775, to use land.
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The consumption of services is invariant in location but changeable in time. This
property comes from that the households have the same income, the same
propensity to consume goods, and the price of the goods are invariant in space.
Consumption of housing increases as the residential area is further from the CBD.
It should be noted that the total expenditure on housing by per household,
Riy(o,t)c,(w,t), is invariant in space but changeable in time. That is
Ry, 0)ci(@,1) = Ry o, )ci( n,1).

IV. Spatial Economic Equilibrium

For simulation we also need to specify forms of the production functions. In the
rest of the paper, we specify the production functions in the Cobb-Douglas forms

FA(t) = AKIN), o+ =1, 0, >0,/ =i,s (18)
Following Theorem 1, we can determine all the variables as functions of K(7).

By equations (1) and (18), we have k, = ak,, f;, = 4 jkja’ , where a = Sa/c;f. By
equations (1) and p = f,/f,, we solve

A \VB s
k= (24 = Ak, p=akl’ (19)
r + 5k
where a, = a,-A,aﬁS/ a,A,. We consider w, p, k;, and f;, j =i, s, as parameters.
We now calculate the equilibrium values of all the variables and examine effects
of some parameters on the economic geography by simulation. We specify values
of the parameters

r'=003, 4,=14,4,=12, 4,=11, N=10, L=5,

o;=0.3, o, =0.4, o4, =05,

n=0.05, y=0.05, £=0.03,

0=02, u=-02, Ty=1, v=0.03, 5 =0.05 (20)

The rate of interest is internationally fixed at 3 per cent. The population is fixed
at 10 units and the urban size at 5 units. The total productivity of the housing sector
is equal to 1.1; the total productivities of the industrial and services sectors are
respectively equal to 1.4 and 1.2, We specify the parameters, «;, &, and a;
respectively with 0.3, 0.4 and 0.5. Some empirical studies on the US economy
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demonstrate that the value of the parameter, ¢, in the Cobb-Douglas production is
approximately equal to 0.3 (for instance, Abel and Bernanke, 1998). The
propensities to consume housing, services and industrial goods are respectively
specified at 0.05, 0.05 and 0.03. The ratio between the expenditures on housing
and other goods and services is about 0.625. The propensity to use leisure is
specified at 0.2. The amenity parameter,  is negative. This implies that the
households prefer to living in an area with low residential distribution. The total
available time is fixed at unit and v = 0.03 means that if the total travel time from
the CBD to the other end of the system will use up 15 per cent of the total
available time. The depreciation rate is specified at 0.05. Although the choice of
some parameters, such as the population and urban size, is arbitrary, we can still
obtain robust insights as we will vary (some of) these parameters in the following
comparative static analysis.

Following Theorem 1 and applying (20), we calculate the equilibrium values of
the location-independent variables and the residential density closest to the CBD as
follows

w=1.995, p=0.900, k; =10.686, k, = 16.622, f;=2.850,
£,=3.694, N;=6.198,

N, =3.802, K;=66.226, K, = 63.202,

F;=17.660, F, = 14.044, k=20.843,

r=0.632, y = 24.095,

¢, =1.339, ¢;=0.723, s =20.963, n(0) =2.144. 1)

The wage rate and the price of services are respectively 2 and 0.9. The capital
intensity of the services sector is higher than of the industrial sector. The product
per labor force of the services sector is also higher than that of the industrial sector.

Figure 2. The Equilibrium Values of the Location-Dependent Variables
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w
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About 38 per cent of the total labor force is employed by the service sector and 62
per cent by the industrial sector. We now plot the equilibrium values of the
location-dependent variables as in Figure 2. The residential density declines and
the housing consumption increases in the distance from the CBD to the residential
site. Both the housing rent and land rent fall in distance. The housing rent curve is
slower than that of the land rent. As the housing services is produced by combining
land and capital and the rate of interest is invariant with space, it is expected that
the housing rent curve is slower than that of the land rent.

We now examine the shares of the three sectors in the national product, F(7). The
national product, £, the national wealth, X, the total capital stocks employed by the
economy, K, and the foreign assets, B are

F=42941, K=219.94, K=208.43, B=K-K=11.512. (22)

The shares of the three sectors are

F; PE,

100 = 41.13, F, = 2L 100 = 29.44, F, = L
F F

100 = 29.44  (23)
F

IE','E

The shares of the output values of the industrial goods, services, and housing
sectors are respectively 41.1 per cent, 29.4 per cent, and 29.4 per cent.

We now examine effects of changes in some parameters on the location-
dependent variables.'? First, we examine effects of changes in the amenity
parameter, 4. We allow it to change from —0.9 to —0.1. From Figure 3, we see that
as the parameter changes from —0.9 to —0.1, the residential density, the housing
consumption, the housing rent and land rent all become increasingly steeper. We
see that the residential amenity has a strong effect on the urban configuration. As a
rise in x implies that the residential density tends to have less effect on the amenity
level, a rise in the value of the parameter tends to reduce spatial effects of the
residential concentration. Hence, as x is increased, the space-dependent variables
tend to become steeper.

V. The Motion of the Dynamic System

The previous section studies the equilibrium structure of the economic
geography. As we have already explicitly solved the motion of all the variables

2 As these parameters will not affect the national economic production and income, we don°@t mention
the location-independent variables in the rest of this section.
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Figure 3. The Economic Geography and the Amenity Parameter

a) the residential density distribution b) the per capita housing consumption
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over time and space, it is straightforward to plot the motion. First, let us examine
the motion of the system when the initial condition is away from the stationary
state with K(0) = 180 under (20). We have already shown that the dynamic system
has a unique stable equilibrium point. The equilibrium values are provided in (21)
and Figure 2. The initial state of the national wealth is lower than its corresponding
long-run equilibrium value for the given technology and preference. Figure 4
shows the change of the variables over time and space.

Figure 4a shows that as time passes the capital stocks of the industrial and
service sector rise and the capital stocks of the housing sector falls. The initial
values of K; and K; are lower than their equilibrium values and the initial value of
K}, is higher than its equilibrium value. From Figure 4b, we see that some of the
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Figure 4. The Motion of the System
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labor force employed by the industrial sector is employed by the service sector as
time passes. The net value of foreign asset, B(f), is negative in the initial periods.
As the economy is further developed, the value becomes positive. During the
simulation period, the current account balance is in surplus. The per-capita
consumption levels of services and the industrial goods rise and the rent income

Figure 5. The National Output and the Growth Rate
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from land also rises. During the simulation period, the share of the industrial goods
falls and the shares of the services and housing sectors increase. The housing rent,
land rent and consumption of housing all rise at any residential location. We plot
the national output and the growth rate of the national output as in Figure 5. The
growth rate gradually declines until it achieves the long-term stationary state.

VI. Comparative Dynamic Analysis by Simulation

This section examines what will happen to the dynamic system if some
parameters are shifted. First, we study possible effects of changes in the rate of
interest. We increase * from 0.03 to 0.04. The effects on the capital intensities of
the services and industrial sectors, the wage rate, the price of services, and the per-
worker output levels are given by

Figure 6. A Rise in the Rate of Interest

10 2030 40 sof 0] __— — AB
- AKS > AI<h 5 /ZNS
Tl AK, I e e B
. A, S
Ak
(@) AK;(r), AK,(¢) and AK,,(¢) (o) AN, (¢) and AN, (1) (c) AB(r) and Ak(r)
5' o 0.2
_— Ar ; 00 AF, AF,

10 20 30 40 50 _g1 10 20 30 40 50 ¢

-0.02
S -0.03
~Ac,  0.04

(@ AR, (o, 1)



268 Wei-Bin Zhang

Figure 7. The National Output and Growth Rate with a Rise in Rate of Interest
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Ap = 1.69, Aw = —4.92, Ak, = —15.49,
Ak, = —15.49, Af, = —-4.92, Ak, =, Af. = —6.51 . (24)

As the capital becomes more expensive in the international market, the capital
intensities in the three sectors are reduced. The wage rate becomes lower and the
price of services becomes higher. In this study, a variable, Ax(f), stands for the
change rate of the variable, x(#), in percentage due to changes in the parameter
value.

We plot the effects of change in the rate of interest in Figure 6. The capital
intensities of the services and industrial sectors are reduced. The effects on the
other variables are provided in Figure 6. As the rate of interest is increased, the
capital stocks employed by the industrial sector falls (in comparison to the
corresponding value of the variable if the change in the rate of interest did not
occur) and the capital stocks of the services and housing sectors all fall. More labor
is employed by the services sector. The national wealth falls and the net value of
foreign assets rise. During the simulation period, the current account balance is in
surplus. The income from the land is almost no affected, the consumption levels of
industrial goods and services fall. The share of the output of the industrial sector in
the national out falls and the shares of the other two sectors rise. The rent and
consumption of housing are increased, the land rent is reduced.

We plot the effects of changes in the rate of interest on the national output and
the growth rate of the national output in Figure 7. The national output is reduced
by the rise of interest rate and the growth rate slightly rises.
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VII. Concluding Remarks

This study proposed a spatial growth model of a small open economy by
synthesizing the main ideas in the four important models in the neoclassical growth
theory and urban economics. The economic growth with economic geography has
a unique long-run stable equilibrium. We also analyzed changes in the parameters
upon the system. We have limited our study to a simplified spatial structure of the
economic system. The Solow model is the key model in the neoclassical economic
growth theory and Alonso model is the key model in the modern urban economics.
There are numerous meaningful extensions of either of the two models in the
literature."® We may extend our model in many ways on the basis of the literature
in the two fields. We may develop the model in a discrete version.

Appendix: Proof Theorem 1

First, from equations (6) and (7) we get y(@) = (1+7")k(@)+w+r. Multiplying the
above equation by n(m,) and integrating the resulted equation from 0 to L, we have

Y(£) = (1 +r)K(t)+wN+ R(r) (A1)
where the total disposal income is defined as i’(t) = JL)A/(a), Hn(w, t)do.
0
Multiplying all the equations in (8) by n(w,f) and then integrating the resulted
equations from 0 to L with respect to @, we obtain
("' + 80K, = aynY, €. =12, C= v, §=2Y (A2)
p
where we use R,c), = (" +5)ki/a;, from equations (5). First we show that the total
disposable income, Y(¢), can be expressed as a unique function of K(¢).
Substituting C; = £Y and § = AY in equations (A2) into equation (12) yields

(E+ )Y —(1+r YK+ +8)K =fN, (A3)

where we use F;=fN; and B = K-K. From C, = 7/5/ /p and C(f) = F(f), we have

13 For the contemporary literature on urban economics, see Fujita and Thisse (2002) and Henderson and
Thisse (2004).
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pF, = 7/3’ . From this equation, F;=f,N,, and N+N,= N, we have

(O (1)
N(7) pfS’N’(t) N o (A4)

As p and f; are functions of ", the labor distribution is determined by Y (1).
Substitute equations (A4) and (r + 6,)K, = o, 7Y into equation (3)

- _ )L 4 STy
K(?) kiN+{(ks ki)pﬂ+r+5k}y(t) (AS)

The total capital stocks employed by the economy, K(?), is a linear function of
Y(¢). Substitute equations (A4) and (AS5) into equation (A3)

iz A3 Ny
K(t) = ZY(t)— = A6
(0 = F10 -7 (A6)
The national wealth, K(7) is a linear function of Yi (¢) . By equations (5), we have
R(t) = Ph(r'+8)kyn(w)/ oy, Integrating the above equatiog from 0 to L yields
r=(r"+ok) 5K,/ a,N. From this equation, (r* + 0,)K, = a,nY and (A6), we solve

- - No ﬂ, ﬂ 77

0 = (R + 52l A7
() = (K + )2 (A7)
in which 4y and N, are defined in Theorem 1. By equations (6) and (7), we have
y(@) = (1+r)k(w)+w+7 (A8)

Inserting this equation in equation (10), we have

ka,t) = ko, 1)+ Alw+#(R(#)], 0<w<L (A9)

where A'=A—1+Ar" and we use s = Ay . This is a linear differential equation
in k(@ f). The general solution of equation (A9) is given by

k(o,0) = & (hy+ 2w+ HR(2)))e” “d7) (A10)
where 4, is a constant to be determined by initial conditions. From equation (A10),

we see that if the initial distribution of the wealth is not dependent on location, /4, is
also independent of location. We conclude that k(@) is independent of location,
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that is k(@y,f) = k(@,,1). We thus have k(f) = K(r)/N. By this property and equation
(A8), we have y(@,) = y(@,).
Substituting equations (9) into U(@f) and then using U(0) = U(w), we have

bR-CE e

where we use (0) = y(). From R,(®)c,(®) = ny(w)and (" +8)k, = auRich,
we have

ah’?);
k(o) = —=
(@) = =7 5 (A12)

Substituting ¢, = A4 hk,f"Lf” into (¥ +ok)k, =ay,c,R),, we have

By * a
"(r o0 B ~ By
Ry(w) = 1-("=2) " ()i, (A13)
h h

where use equation (A12). Substituting equation (A13) into equation (A11) yields

B,
n(w) = n(O)(%) : (Al14)

where £, = o/ (np,— u) . Integrating equation (A14) from 0 to L, we obtain

(A15)

As T)(w) is explicitly defined as a function of location and independent of time,
we see that 7(0,7) is independent of time. By equation (A15), we conclude that
n(w) is actually independent of time but dependent on location. This property is
important for us to find a differential equation for (). Substituting s = Ay from
equations (9) into equation (10) yields: k = Ay — k. Multiplying (A15) by n(a.f)
and then integrating £ = Ay —k from 0 to L with respect to @ yields X = 27 -,
where we use

K(t) = j‘%’:(”))dw= fin(a)dao.

in which we use 772 = 0. Inserting equation (A6) in X = A¥-K, yields
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K+ (1—2¢)K = N, . The general solution is given in Theorem 1.
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